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Abstract 

We study the appearance of anomalies of the Master Ward Identity, which 
is a universal renormalization condition in perturbative QFT. The main insight 
of the present paper is that any violation of the Master Ward Identity can be 
expressed as a local interacting field; this is a version of the well-known Quantum 
Action Principle of Lowenstein and Lam. Proceeding in a proper field formalism 
by induction on the order in h, this knowledge about the structure of possible 
anomalies as well as techniques of algebraic renormalization are used to remove 
possible anomalies by finite renormalizations. As an example the method is 
applied to prove the Ward identities of the 0{N) scalar field model. 

PACS. ll.lO.Cd Field theory: Axiomatic approach, ll.lO.Gh Field theory: 
Renormalization, ll.15.Bt Gauge field theories: General properties of perturba- 
tion theory, 11.30.-j Field theory: Symmetry and conservation laws 
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1 Introduction 

In the quantization of a classical field theory symmetries and corresponding conserva- 
tion laws are in general not maintained: due to the distributional character of quantum 
fields the arguments valid for classical field theory are not applicable. Therefore, in 
perturbative quantum field theory (pQFT) symmetries and conservation laws play the 
role of renormalization conditions (the 'Ward identities'). 

In [1] a universal formulation of Ward identities was studied and termed Master 
Ward Identity (MWI). This identity - which originally was proposed in [2] - can be 
derived in the framework of classical field theory simply from the fact that classical 
fields can be multiplied pointwise. However, in pQFT the MWI serves as a highly 
non-trivial renormalization condition, which cannot be fulfilled in general due to the 
well known anomalies appearing in QFT. 

In traditional renormalization theory (e.g. BPHZ renormalization or dimensional 
renormalization) the question whether certain Ward identities can be fulfilled, is usu- 
ally treated by means of algebraic renormalizatior0. This method relies on the Quan- 
tum Action Principle (QAP), which was derived by Lowenstein and Lam in the early 
seventies [3l |4] and proved in several renormalization schemes [5] . The QAP character- 
izes the possible violations of Ward identities and, hence, allows one to derive algebraic 
conditions whose solvability guarantees the existence of a renormalization maintaining 
the Ward identities. These conditions often lead to cohomological problems involving 
the infinitesimal symmetry operators which appear in the considered Ward identities. 

^ There is a huge literature about algebraic renormalization. For shortness we cite only some of 
the founding articles and a few textbooks and reviews, which should suffice to understand this paper. 
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The application of this procedure to Yang-Mills theories lead to a detailed study of 
BRST cohomology H E H [lOl [U] . 

Traditionally, perturbation theory is done in the functional formulation of QFT 
which starts from the path integral. However, we take the point of view of algebraic 
pQFT [m 1131 mi HH HI] , which is based on causal perturbation theory (Bogoliubov 
[T7], Epstein and Glaser [TH]) and concentrates on the algebraic structure of interact- 
ing fields. Starting with some well defined free QFT one separates UV-problems from 
IR-problems by considering solely interactions with compact support. Whereas the 
UV-problem concerns the construction of time ordered or retarded products (in terms 
of which interacting fields are formulated), the IR-problem appears only in the con- 
struction of states on the algebra of local observables. The restriction on compactly 
supported interactions leaves it possible to construct the whole net of local observables 
[12]. Therefore, this approach seems to be well suited for a rigorous perturbative con- 
struction of quantum Yang-Mills theories, for example, where an adiabatic limit seems 
to be out of reach. However, in the non-Abelian case the construction of the net of 
local observables is still an open problem within the framework of algebraic pQFT. As 
it was worked out in the decisive input to reach this goal is the MWI resp. certain 
cases of it. Motivated by this, the aim of our present work is to transfer techniques 
from algebraic renormalization theory into the framework of algebraic pQFT in order 
to gain more insight into the violations of the MWI and to find concrete conditions 
for the solvability of the MWI in relevant cases. 

The paper is organized as follows: Sect. [H deals with classical field theory for lo- 
calized interactions. We generalize the treatment given in Sect. 2 of [1] to the off-shell 
formalism, i.e. the values of the retarded products are off-shell fields. In Sect. [3] we 
summarize the quantization of perturbative classical field theory worked out in |16j 
and give some completions. Algebraic renormalization proceeds in terms of the 'vertex 
functional' (or 'proper function') F (which is usually derived in the functional formula- 
tion of QFT along a Legendre transformation). Hence, to make accessible techniques 
of algebraic renormalization, we develop a proper field formalism, which describes the 
combinatorics of 1-particle-irreducible (IPI) diagrams in a purely algebraic setting 
(Sect. Uj). This is done by reformulating perturbative QFT as a classical field theory 
with a non-local interaction F which is a formal power series in h. 

After these preparatory sections we turn in Sect. to the maintenance of the 
MWI in the process of renormalization. Starting from a derivation of the MWI in the 
off-shell formalism [1^, we prove an identity ('anomalous MWI') which gives a charac- 
terization of the possible violations of the MWI. More precisely, we find that the most 
general violation can be expressed in terms of a local interacting field. Translation of 
the anomalous MWI into the proper field formalism (introduced in Sect. yields an 
identity which contains solely the 'quantum part' (loop part) of the original version 
and which is shown to be formally equivalent to the QAP. Crucial properties of the 
violating local terms appearing in the anomalous MWI are proved, in particular an 
upper bound for the mass dimension. Equipped with this new insight, we transfer 
basic ideas of algebraic renormalization into the setting of causal perturbation the- 
ory. Usually, in the latter the maintenance of Ward identities in renormalization is 
proved by induction on the power of the coupling constant. In contrast, we proceed 
by induction on the power of h similarly to algebraic renormalization. Wc find explicit 



3 



conditions, whose solvabihty guarantees the existence of a renormahzation prescription 
satisfying corresponding cases of the MWI. In addition, we prove that the MWI can 
always be fulfilled to first order in the coupling constant (that is to second order of 
the corresponding time ordered products) . We apply these results to models fulfilling 
(classically) a localized off-shell version of Noether's Theorem and find simplifications 
of the mentioned conditions. Finally, as a simple application of the method, we prove 
the Ward identities of the 0{N) scalar field model by using cohomological arguments. 



2 Classical field theory for localized interactions 

In this section we generalize the formalism developed in Sect. 2 of [T] to off-shell fields. 
This will provide us with the necessary framework to derive the off-shell version of the 
MWI in Sect. 15.11 In order to keep the formulas as simple as possible, we study the 
theory of a real scalar field (p ond dimensional Minkowski space M., d > 2. We interpret 
If and partial derivatives thereof as evaluation functionals on the configuration space 
C = C°^(M,M) : {d''(p){x){h) = d''h[x), a € N^. Let T{C) be the space of all functionals 

F(^):C^C, F{^){h) = Fih) , (2.1) 

which are localized polynomial^ in (p: 

N 

F{(p)^^^ dxi . . .dXnip{xi) ■ ■ ■ (p{Xn)fn{xi, . . . ,Xn) ^■'^{fn , p'^'') , (2.2) 
n=0 n 

where N < oo and the /„'s are C- valued distributions with compact support, which 
are symmetric under permutations of the arguments and whose wave front sets satisfy 
the conditioiH 

WF(/„) n (M" X (F" U F")) = (2.3) 
and /o G C. ^ is a commutative algebra with the classical product {Fi ■ F2){h) 

SF 
5ip ' 



Fi{h) ■ F2{h). By the support of a functional F & we mean the support of -^^ 



The space of local functionals !F\oc{C) C 3'{C) is defined as 

N N 



^ioc(C) = { jdxY,A^{x)h^{x)=Y,A,{hi)\A,eV,h,eV{M)^ , (2.4) 

where V is the space of all polynomials of the field p and its partial derivatives. This 
representation of local functionals as smeared fields can be made unique by introducing 
the subspace of balanced fields Vhai C V [TBI HO] : 



Hal = {P{du ■■■,dn)pixi) ■ ■ ■ p>{Xn)U = ...=cc^=x \ P{di, 9„) £ , n £ Nq } 

(2.5) 



generalization to non-polynomial (localized) interactions is possible, see e.g. |19| . 
^V± denotes the closure of the forward and backward light-cones, respectively, and their n-fold 



direct products. 
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where is the space of ah polynomials in the 'relative derivatives' {dk — di) , 1 < 
k < I < n. With that it holds: given F G J^ioc there exists a unique h G ©(M, T'bai) 
with /i|<^=o = and F — F{0) = J dxh{x). Proofs are given in Proposition 3.1 of ^TE\ 
and in Lemma 1 of [5D]. 

Since we are mainly interested in perturbation theory we consider action functionals 
of the form ^tot = Sq + XS where Sq = J dx\{d^tpd^^ip — m?ip'^) denotes the free action, 
A a real parameter and S G ^{C) is some compactly supported interaction, which may 
be non- local0 We denote by ^''sLt retarded Green function corresponding to the 
action Stot, which is defined by 

^) j^Mu) = - ^) = / s£^)''sL iv, ^) (2.6) 

and A^''* {x,y) = for x sufficiently early. In the following wc will assume that for 
all actions ^tot under consideration the retarded Green function exists and is unique 
in the sense of formal power series in A. Analytic expressions for At?*^ are in general 
unknown. However, perturbatively the retarded solution of (|2.6|) can be given in terms 
of the (unique) retarded Green function At?* (a;, y) — A5!^*(x — y) of the Klein Gordon 
operator: 

Lemma 1. In the sense of formal power series in \, the retarded Green function 
^SoVas given by the following formula 'll: 

oo „ 

, ^'f , ■■■A^slivn-uu^) , , , , A^s1ivn,y). (2.7) 

dip[Ui)d(p(Vl) d(p[Un)d(p(Vn) 

Its support is contained in the set 

{ix,y)\x e supp(f ) +F+ Aye supp(f ) U {{x,y)\x £y + V+}. (2.8) 

In case of a local interaction S € ^ioc(C) the support can be limited even stronger: 

suppC-^^) C{ix,y)\xey + V+}. (2.9) 

Our assumption ensures that the pointwise product of distributions in (|2.7p exists. 

Proof. We multiply the left equation in (|2.6p by A^J(2;, u) and integrate over z after- 
wards to obtain the relation 

^s1+xsi^,^) = ^sli^,^) - A J dydz A5?„V,<,(x,y)^-^^^^A5?*(z,u), (2.10) 



*Note that the free action is not an element of JF(C). Therefore we interpret So as functional on 
the subspace of compactly supported functions in configuration space C. However, this restriction is 
not necessary (and, hence, will not be done) for the free field equation: is an element of "P. 
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which can be solved by recursion on the powers of A (|2.7p . For local interactions S G 
■^ioc(C), the support property (|2.9p follows immediately from supp(— C {{x, y)\x e 
y+V+} and = for m 7^ w. In the general case S G T{C) we use supp(0) C 

supp(j^) X supp(l^) to conclude that x has to he in the future of wi G supp(j^) and 
y in the past of Vn G supp(|^) to get a non vanishing contribution of the integral in 

The space of all smooth solutions of the Eulcr-Lagrange equation with respect to 
the action 5tot will be denoted by Cs^^^ C C. Interacting fields F5, corresponding to 
some functional F G J-{C), could be defined by restricting F to the space of solutions 
Cs„+s ■ Fs = F\csf,+s ■ However, the idea of perturbative algebraic classical field 
theory is to introduce interacting fields as functional on the space Cg^ of free solutions. 
This corresponds to the usual interaction picture known from QFT where interacting 
fields are constructed as operators on the Fock space of the underlying free theory. 
Therefore one introduces retarded wave operators which map solutions of the free 
theory to solutions of the interacting theory [T]. As it turns out, it is convenient to 
construct such a map on the space C of all field configurations {off-shell formalism) 
and not only on the space of solutions, as it was done in [T]: 

Definition 1. A retarded wave operator is a family of maps irso+s.So)se:F{C) from C 
into itself with the properties 

(i) rso+s,Sa{f){x) f{x) for x sufficiently early 

(n) £(^2±S) ore - 

('V iif, " ' So + S,Sa — s<fi ■ 

Lemma 2. The retarded wave operator irso+s,So)sey^iC) exists and is unique and 
invertible in the sense of formal power series in the interaction S. 

Proof. To determine rsa+s,So we multiply S in Def. by a real parameter A and 

differentiate with respect to this parameter, ending up with 

, SjSo + XS) , , d ^ SS 

5ip{x)5ip{y) ° ^■S'o+^-S,So • fiy) ° -jj^rs„+xs,So + ° rs„+\s,So = 0. 

After multiplication of this equation with AgJ^^_>^g(z, x) and integration over x, we 
obtain the following differential equation for rga+xs^Sa 

^{z) o ^rso+xs,Sa = - J dx(^A'^^^^s{z, x) ■ ^^^) ° rs,,+xs,So- (2-11) 
Finally, integration over A leads to the equation 

ip{z) o rso+s.S„ = (p{z)- dX J dx(^A'^^^^g{z,x) ■ -^^^) °rs„+xs,So, (2-12) 

which can be solved iteratively in the sense of formal power series in the interaction 
S. □ 
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We define the retarded wave operator rs„+Si,So+S2 connecting two interacting the- 
ories by 

rSo+SuSo+S2 rSo + SuSo ° (^So+Sa.So)"^ ■ (2-13) 

Obviously it fuimis Def. and ^^^^ o rs,+s,,So+S2 = ^^^^ and 

rSo+SuSo+S2 °rso+S2,So+S3 = rs^+SuSa+Sa ■ (2-14) 

Retarded fields (to the interaction S and the free theory Sq and corresponding to 
the functional F € ^(C)) are defined by 

Fsts"^ Fors„+s,So--C^C. (2.15) 

A crucial property of classical interacting fields - which does not hold anymore for 
interacting quantum fields - is their factorization with respect to the classical product 

{F-G)Zs^Fsts-Gsts- (2.16) 

This is why certain symmetry properties of classical field theory in general cannot be 
transferred directly into quantum field theory (see Sect. 15. ip . 

In classical field theory retarded products i?ci are defined as coefficients in the 
expansion (with respect to the interaction) of interacting retarded fields pj : 

: HCr" ® ^ ^(C), Rci{S^\ F)'^^ Fo rs„+xs..So- (2.17) 

ClA A— 

Interacting fields can then be written as 

^o!5 ^ E ^RciiS'^",F) EE R,iieg,F) (2.18) 

where the r.h.s. of ~ is interpreted as a formal power series in S (we do not care about 
convergence of the series). In the last expression i?ci is viewed as a linear map 

i?ci : TT{C) ® T{C) T{C), (2.19) 

where TV = C © V®" denotes the tensor algebra corresponding to some vector 

space V. 

By introducing the differential operator 

- -/^-^^ A- ,,(.,,)^^, (2.20) 
we obtain from (|2.12p the following explicit expression for the interacting field: 

F'sts-F + f2 f'dX, r^dX^... 'rfA„P5o,5(A„)...p5o,s(Ai)F. (2.21) 

n=l"'0 Jo Jo 

To first order in S this formula reads (see also [T]) 

i?c,(5,F).-/d.d,A-(.,,)^^. (2.22) 

We can now endow classical fields with a Poisson structure: we introduce the (off- 
shell) Poisson bracket using Peierls definition [21] (see also [22] and [1]) 
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Definition 2. The Poisson bracket associated to the action S G ^(C) is the map 

: ^(C)®^(C)^^(C) (2.23) 
{F,G}s = Rs{F,G)-Rs{G,F). (2.24) 



where 



G o rs+xF,s . (2.25) 

A=0 



The properties 



• Rs{F, G) = - Jdxdy A's°\x, y) (which is a generahzation of ^M) 
and 

• {'j 'Is is indeed a Poisson bracket, i.e. it satisfies the Leibniz rule and the Jacobi 
identity, 

are proved in [T for the on-shell restrictions i?^"""'''="(F, G) = i?s(^', G)\cs and 

{F, Gjg"^'''"'" = {F, G}s\cs- These proofs can easily be generalized to Rs and {•, - js- 

The Jacobi identity is derived from 

{Rs{H,F),G}s + {F,RsiH,G)}s = RsiH,{F,G}s) + -^ {F,G}s+xh , 

(2.26) 

which is the infinitesimal version of the statement that the map J-{C) 3 F i-^ F o 
i^Si.S2 G -^(C) is a canonical transformation: 

{Fors,,s,,Gors,,sAs.^{F,G}s,ors,,s. ■ (2.27) 

In [T] only the proof of the infinitesimal version (|2.26p is given. We are going to show 
that integration of (|2.26|) . written in a suitable form, yields indeed (|2.27p FI First note 



_d_ 
dX 



d 

F o rs,s+\H = --JT 
\=o d\ 



A=0 



Fors+xH,s = -Rs{H,F) . (2.28) 



Let H := S2- Si, 5(A) := Si + XH and Fx := F o rg^^six)- With that we obtain 
d 



dX 

d_ 

dX X = Xr 



X=X( 



{F o rs,^six),G o rg^^s{X)}six) ° ^s(a),Si 



{{FXo ° 7-S(Ao).S(A), Gao o rs(Xo).SiX)}s(X) ° fS(A),S(Ao)) ° ^S(Ao),Si = (2.29) 



by using (|2.25p . (|2.28p and the infinitesimal version (|2.26p . Integrating this equation 
over Ao from Aq = to Aq = 1 it results the assertion. 

Due to the perturbative expansion around the free theory only the Poisson bracket 
associated to the free action, {•, -jci = {•, -jsoj "^ill be used in the following sections. 

As one can easily check, the retarded products ()2.17|) have the same properties as 
the on-shell retarded products in [1] (which are related to (l2T7l) by i?°"-"^'="(S'®", F) = 
i?ci(5'®", F)\cs^)- These are the properties which are used to define retarded products 
in perturbative QFT in an axiomatic way. 



^This proof is due to Klaus Fredenhagen. 
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3 Perturbative Quantum Field Theory 



We summarize the quantization of perturbative classical fields as it is worked out in [16] 
on the basis of causal perturbation theory [17] , [18] and work of Steinmann f23' . Since 
the direct quantization of an interacting theory is in general not solved, we quantize 
the free theory, around which the perturbative expansion is done (see Sect. [5]), by 

using deformation quantization: we replace .F(C) and jFioc(C) by .F'==^ J^(C)[[S.]] and 

^loc '=^.?ioc(C)[[/i]] resp. (i.e. all functionals are formal power series in h) and deform 
the classical product into the -A-product, * : T x T ^ T, which is still associative but 
non-commutative and is defined by 

{F-kG){if) := — r dxi . ..dxndyi . . .dy„-— — ^ — — - 

^ n! 7 dip{xi) ■ ■■Sip{xn) 

■T\H^{xi-yi) -— — -. (3.1) 

f-J[ dip{yi) ■ ■ ■ dipiyn) 

There is a freedom in the choice of the 2-point function Hm{x): it is required to differ 
from the Wightman 2-point function (x) by a smooth and even function of x, to 
be Lorentz invariant and to satisfy the Klein Gordon equation. The 'vacuum state' is 
the map (see (|2.2p ) 

c^o : ^ ^ C[[ri]] , F ^ F(0) = /o . (3.2) 

For the interacting quantum field Fg, {F,G G ^loc) one makes the ansatjl of a 
formal power series in the interaction G: 

n=0 

The 'retarded product' Rn.i is a linear map, from ^^^(^J^ioc into T which is symmet- 
ric in the first n variables. The last expression in (13. 3p is understood analogously to 
(|2.19p . Wc interpret R{Ai{xi), A„(x„)) , Ai, ...,An G V, as JT-valued distributions 
on r>(M"), which are defined by: / dx h{x) R{. . . , A{x) , . . .) := i?(... A(ft) ® ...) V/i £ 
V{M). 

Interacting fields are defined by the following axioms [16 , which are motivated by 
the principle that we want to maintain as much as possible of the classical structure 
in the process of quantization: 
Basic axioms: 

Initial Condition. R{F) = i?o,i(l,F) = F. 

Causality. Fg+h - Fg if supp (ff ) n (supp (ff ) + V+) = 0. 



®With respect to factors of h, our conventions (R) differ from [16j (R^^), namely R(e^,F) 
R'^^{el''^,F). However, for the T-products we use the same conventions. 
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GLZ Relation. In the classical GLZ Relation we replace the Poisson bracket { • , -jci 

by 

•]* = {•, -Ici + Olft) (3.4) 

in 

(where [H, F]^, = H -k F - F -k H). This gives 

{Fg, Hg} = [Fg+xh - Hg+xf) ■ (3.5) 

CLA A— 

Based on these requirements, the retarded products Rn,i can be constructed by in- 
duction on n. However, in each inductive step one is free to add a local functional, 
which corresponds to the usual renormalization ambiguity. This ambiguity is reduced 
by imposing the following further axioms: 
Renormalization conditions: 

Unitarity. {Fg)* ^ F^, 

Poincare Covariance. For L e V\_ we set ipLix) ip{L^^x) and hL{x) := h{L^^x), 
h ^ C, and define an automorphism 

f3L: T^T; /3l((/„, ^®")) - (/„, (v'l-O®") , (3-6) 

that is (/3l = F(/i^-i). T'^- Covariance of the interacting fields means: 

PLiFG)^ipLF)p,G, VLePl. 



Field Independence. The interacting field Fg depends on (p only through F and 
G: = . This condition is equivalent to the requirement that R fulfills the 

causal Wick expansion jTH] , that is 

Rn-i,i{Ai{xi) ® • • • ® A„-.i{x„-i), A„{xn)) = 



XUJo 



{^"M- E a(a-..).U(a-..) (-')--))nn^°-^(-o 

(3.7) 



a.....a.,9id^"^)---did'^"^p) ^^^^^^^ 



with multi- indices Uij. G Ng. 
Field Equation. 

^g(x) = ^x) - I A-*(x - , VG e ^loc . (3.8) 

Smoothness in to. Through the GLZ condition the interacting fields depend on the 
2-point function Hm and with that they depend on the mass to of the free field: 
Fg = {Fg)^™^ ■ We require that the maps 

0<m^ [Fg]""' , F,Ge J'loc , (3.9) 
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are smooth. In even dimensional spacetime this excludes the 2-point function A+ 
due to logarithmic singularities at m = 0; more generally, homogeneous scaling 
of Hm is not compatible with smoothness in m > 0. As in [IB] we work with 
the 2-point function (and the corresponding Feynman propagator) which is 
distinguished by almost homogeneous scaling [19] . depends on an additional 
mass parameter /i > and is explicitly given in Appendix A of |16| . For the 
corresponding star product, retarded product and interacting fields we write 
*m,M> -R^™''"^ and (i^c)^"'''^ = (Fg)"^, respectively. 

^-Covariance. The ★-products (★m,/^)/i>o (and the ★-product with respect to A+ ) are 
equivalent, that is there exists an invertible operator {(X2/ fJ'iY which intertwines 
these products (see e.g. [I4]): 

(M2/mi)^""'(((M2M)-^'"V)^,„,^, ((M2//il)"^'"'G)) , (3.10) 



F-k G 

where =^ 1 + Y.T=i v\^og{r) ■ Vf (for r > 0) and 



r . r'.-. e / 4. iy „f'^ nm\. - yf) j^^^ , (3,11) 

(The smooth function / is explicitly given by formula (A. 9) in [16j.) The axiom 
/z-Covariance requires that {112/lJ'i)^ intertwines also the retarded products^ 

Ri---^^-) = o o Ti^i2/^il)-^'"^' . (3.13) 

Scaling. The mass dimension of a monomial in V is defined by the conditions 

dimid^if) = '^—^ + \a\ and dim(AiA2) = dim(Ai) + dim(742) (3.14) 

for all monomials A\,A2 £ V . The mass dimension of a polynomial in V is the 
maximum of the mass dimensions of the contributing monomials. We denote 
by Vhom the set of all field polynomials which are homogeneous in the mass 
dimension. A scaling transformation dp is introduced as an automorphism of 
(considered as an algebra with the classical product) by 

CTp((/n,</3®")) J dxi...dXn fn{xi, ...,X„) (p{xi / p) . . .'^{Xn / p) ■ (3.15) 

For A G Phom we obtain p'^™^^'^ a p{A{px)) = A{x) . Our condition of almost 
homogeneous scaling states that 

° '"'''^ ° (a;i)®("+i) , neNo, m>0, p>0, (3.16) 
is a polynomial in (log p) . 



Given a linear map / : V ^ V (where V is a vector space) we define 

DO OO 

T/ : TV^TV; {T/)(c ® 0(?;ji ® ... ® f,-,-)) = c 9 0(/(t^jl) ... ® /fe)) . (3.12) 
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The construction of the retarded products proceeds in terms of the distributions 
R{Ai{xi), An{xn)) , Ai,...,An G v. Since the retarded products depend only on 
the functionals (and not on how the latter are written as smeared fields (|2.4p ). they 
must satisfy the Action Ward Identity (AWI) [TO] : 

d;Rn^i^ii...Akix)...)^Rn-iA---,dM^)^---) ■ (3-17) 

The AWI can simply be fulfilled by constructing R{Ai{xi), An{xn)) first only for 
balanced fields Ak E Vhed V/c, and by using the AWI and linearity for the extension to 
general fields Ak &P- 

The axioms Smoothness in m, /i-Covariance and Scaling can be replaced by the 
weaker axiom Scaling Degree, which requires that 'renormalization may not make 
the interacting fields more singular' (in the UV-region). Usually this is formulated in 
terms of Steinmann's scaling degree [24 : 

sd(/) =^nf{(5 e M I limp^fipx) = 0}, / G V'{R'') or / G V\R'' \ {0}). (3.18) 

piO 

Namely, one requires 

n 

sd[ujo{R{Ai, ...;yl„))(a;i - x,„ ...)) < ^dim(A,) , VA^ e T'hom , (3.19) 

j=i 

where Translation Invariance is assumed. 

In the inductive construction of the sequence (i?n,i)nGN (given in the problem 
of renormalization appears as the extension of C[[ft]]-valued distributions from P(]R''"\ 
{0}) to I?(IR''"). This extension has to be done in the sense of formal power series in 

h, that is individually in each order in h. With that it holds 

lim i? = i?ci . (3.20) 

Namely, the GLZ Relation is the only axiom which depends explicitly on h and in the 
classical limit it goes over into the classical GLZ Relation, due to (|3.4p . 

The retarded product, having two different kinds of arguments, can be derived from 
the time ordered product (T-producf) T : TjFioc — > which is totally symmetric 

i. e. it has only one kind of arguments. The corresponding relation is Bogoliubov's 
formula: 

R{eg,F)^-ihS{S)-'*^\r=oS{S + TF) , S{S) ^T{ef'') , (3.21) 

The axioms for retarded products translate directly into corresponding axioms for 
T-products, see Appendix E of [16]. There is no axiom corresponding to the GLZ 
Relation. The latter can be interpreted as 'integrability condition' for the 'vector 
potential' -R(e|, , F^, that is it ensures the existence of the 'potential' 8(5*) fulfilling 
(|3.2ip : for details see [12]. (A derivation of the GLZ Relation from (|3.2ip is given in 

m-) 

In [16] it is shown that there exist retarded products which fulfill all axioms. The 
non-uniqueness of solutions is characterized by the 'Main Theorem'; we use the 
version given in |16j : 
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Theorem 3. (a) Let R and R he retarded products which fulfill the basic axioms 
and the renormalization conditions Unitarity, V\_-Covariance, Field Independence and 
Field Equation. Then there exists a unique, symmetric and linear map 

D : T^ioc ^loc (3.22) 

with D{1) ^ 0, D{F) ^ F (iF e Tioc), such that for all F, S e Tioc the following 
intertwining relation holds (in the sense of formal power series in X) 

i?(e^^F) = i?(e^^^"\D(e^^0F)) . (3.23) 
In addition, D satisfies the conditions: 

('SD{Fi(g)---(g)Fn)\ ^ fsF\ r:. nr 

(i) supp(^ — C n,e„ supp^^j , e .Floe 

(ill) D{el ® <fi{h)) - ^{h), VF e Floe 
(iv) F)(F®")* = F)((F*)®") 

(v) PloD^Do TpL , yievl 

(Vl) (A) //i?(™:A')^i?(m:A') 

are smooth in m > and satisfy the axioms fi-Covariance 
and Scaling, then the corresponding is also smooth in m, invariant under 

scaling 

ap o ^(P"''"^'^) o To-p 1 = F'("'^) . (3.24) 

and ii-covariant^ 

dC'".^'^) = {^i2/^^lf""' o o TC^a/Mi)""^""' ■ (3.25) 

(B) Alternatively, if R and R satisfy the axiom Scaling degree, then 

n 

sd(iJa{D{Ai,...,Ar,)){xi-Xn,-)) < ^dim(A,) , VA, e Phom . (3.26) 

(b) Conversely, given R and D as above, equation IS. 23]) gives a new retarded 
product R which satisfies the axioms. 

Since the classical limit of the axioms has a unique solution (which is i?ei), the map 
D is trivial to lowest order in h, i.e. 

D{el) = S + 0{h) and Fi(e| ® F) = F + ©(/i) . (3.27) 

The relation p.23p can equivalently be expressed in terms of time ordered products, 

r(ef'') = r(e;^^^«^/^) , (3.28) 

where T and T are the time ordered products belonging to R and R, resp., according 
to (IS2I1). 

*The claim in 16 that D^™''^' is independent of is wrong. 
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4 Proper vertices for T-products 



Proper vertice^ are an old and standard tool in perturbative QFT. In terms of R- 
products the basic idea is the following: a perturbative QFT can be rewritten as 
classical field theory with a non-local interaction ('proper interaction') which agrees 
to lowest order in h with the original local interaction. Since i?ci is the sum of all 
(connected) tree diagrams (as explained in Appendix A), this rewriting means that 
we interpret each diagram as tree diagram with non-local vertices ('proper vertices') 
given by the 1-particle-irreducible (IPI) subdiagrams. This structural decomposition 
of Feynman diagrams can just as well be done for T-products and it is this latter form 
of proper vertices which is well known in the literature. Since T-products are totally 
symmetric, it is simpler to introduce proper vertices in terms of T-products than in 
terms of i?-products and, hence, we work with the former (for the introduction of 
proper vertices for i?-products see Appendix A). 

A main motivation to introduce proper vertices is that the renormalization of an 
arbitrary diagram reduces to the renormalization of its IPI-subdiagrams. Indeed, due 
to the validity of the MWI for tree diagrams (i.e. in classical FT), the MWI can 
equivalently be formulated in terms of proper vertices (i.e. in terms of IPI-diagrams), 
see Sect. 15.31 This 'proper MWI' formally coincides with the usual formulation of 
Ward identities in the functional approach to QFT (for an overview see e.g. [lOj). 

4.1 Diagrammatics and definition of the 1-particle-irreducible 
part T^Pi of the t ime ordered product 

To introduce proper vertices we need the tree part Ttrco for non-local entries and, for 
later purpose, the IPI part T^^^ of the time ordered product T. The definition of 
Ttroc can obviously be given in terms of Feynman diagrams; but in case of T^^^ we 
are faced with the problem that for loop diagrams the decomposition of T{Ai{xi), ...) 
into contributions of Feynman diagrams is non-unique, due to the local terms coming 
from renormalization. 

To motivate the definition of T^^^ we first study a 'smooth and symmetric 
product': let / e C°°(M^C) with f{x) = f{-x) , Vx. We define ★/ : T ®T ^ T 
by replacing in the definition (j3.ip of the ★-product the 2-point function Hm by /. 
This product, Tk-^, is associative and commutative. By definition satisfies 'Wick's 
theorem'. Due to that, *^ j^iFj = Ti *y ... *y Fn can uniquely be viewed as a sum of 
diagrams. In spite of the possible non-locality of the Fj's, we symbolize each Fj by 
one vertex. The contractions are symbolized by inner lines connecting the vertices, 
which are not oriented due to f{x) — f{—x). (We do not draw any external lines.) 

The contribution of the connected diagrams (denoted by j^iFj)'^) is obtained 
from -k^ j^-^^Fj by subtraction of the contributions of all disconnected diagrams; this 

®In the literature proper vertices (or the 'proper interaction') are sometimes called 'effective ver- 
tices' (or 'effective interaction' resp.). However, differently to what we are doing here, the notion 
'effective field theory' usually means an approximation to the perturbation series. For this reason we 
omit the word 'effective' and use the terminology of Sect. 6-2-2 in |25j . 
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gives the recursion relation (see e.g. jl5p 

{*l,=^F,r = ^h=^F, -J2I[ i^f^^^jp^r ' (4-1) 

|p|>2 JeP 

where the sum runs over aU partitions P of {1, ...,n} in at least two subsets and Y[ 
means the classical product. One easily sees that the linked cluster theorem applies 
to -kf. 

e., = exp.(e,.) , where e,^^l + }^ — p , e,. = — ^ (4.2) 

n—l 71—1 

(with F*^" being the n-fold product f */ ... */ F) and exp, denotes the exponential 
function with respect to the classical product. 

Analogously to (|4.ip the contribution of all IPI-diagrams to j^iFj (denoted by 
(★j^.^-^Fj)^^'), is obtained from the connected diagrams {*f j^iFj^ by subtracting the 
contributions of all connected one-particle-reducible diagrams. To formulate this we 
need the contribution of all connected tree diagrams to {*J j^iFjY, which we denote 
by (*/ j=i-Fj)tree- This diagrammatic definition of (*^ j^i^'jOtroc fulfills the following 
unique and independent characterizations: 

• By recursion: one easily finds that the connected tree diagrams satisfy the re- 
cursion relation 



(^/jii-F'jOtrcc = X! / dxi...dxkdyi...dyk 



S'^Fn+i 



k=l 

k 



5tp{xi)...6ip(xk) 



1 3 

J = l /iU...U/fc = {l,...,n} 



(*/je/fc^j)troo I (4-3) 



S^iVk) 



where Ij 7^ Vj , U means the disjoint union. (Note that in the sum over Ii, Ik 
the succession of Ii, Ik is distinguished and, hence, there is a factor of ■^.) 

• By the power in h: as explained in Sect. 5.2 of 15J it holds 

{^l^^.F^r = 0{h''-^) for Fi,...,F„ ^/i" , (4.4) 
and the contribution of all tree diagrams is given by the terms of lowest order in 

h 

{*h=iF,)l.,, - lim h-^--'^ i*h=iF,r . (4.5) 

The contribution of all tree diagrams to j^^Fj, which we denote by (*^ j^i^})troo, 
is related to the connected tree diagrams by the linked cluster theorem: ef^ ^^^^ = 
exp,(efc ). (This follows immediately from (14. 2p by selecting all tree diagrams.) 
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We now give the (above announced) unique recursive characterization of the IPI- 
diagrams: 

i*h^iF,r' = i*h=iFjr - E (*fJep{*f,ejF,r'y . (4.6) 

— \ / tree 

P|>2 

The formulas (|4.ip . (|4.4p and (|4.5p hold also for the usual ★-product (i.e. with Hm 
instead of /) [TS]; but (|4.6p needs to be refined, because is not symmetrical and, 
hence, *Hm is not commutative (in particular {Fi'kH^--.*Hr,^Fn)tTcc is not symmetrical). 

Turning to the time ordered product T, we will use (|4.ip and l|4.6p as motivation 
for the (recursive) definition of the connected part and the IPI-part T^^^ of T, 
respectively. So we define |15| 

r=(®;Li^;)'= T(®;Li^;) -EH T^^J^jF,) . (4.7) 

|p|>2 JeP 

It follows that T and T'^ are related by the hnked cluster theorem (|4.2p : T(e^) = 
exp.(T'=(e^^^)). 

The following definition of the connected tree part T^^^e of T applies also to non- 
local entries\^ 

^trcc,™ : ; '?tree,n(®i=l^j) = (^1 *A-P •■■ *A-P K)tree : (4-8) 

i.e. we replace in the definition of (★/••■)tree the smooth function / by the Feynman 
propagator 

A^(z) ^ A,f/(z) = e(z°)F/;,(z) + e(-z°)i?,^.(-z) 

= -zA-'(z) + F^,(-z) = A^(-z) . (4.9) 

For tree diagrams the resulting expressions are well defined, since pointwise products 
of Feynman propagators do not appear. Obviously T^^.^^ fulfills the recursion relation 
(|4.3p . In case of local entries another unique characterization of T^^ec is possible: doing 
renormalization individually in each order in H, T'^ satisfies (|4.4p and T^^cc,n 
is the classical limit of similarly to (This is the translation of ([X^ 

into T-products, see Sect. 5.2 of [H].) Analogously one defines the tree part Ttrcc of 
Tby 

Ttr..A®"=lFj) = {Fl - Fn)tree , F, G Vj . (4.10) 

^"In QCD the interaction S = kSi + k'^S2 is a sum of a term of first order in the coupUng constant 
K, Si ~ JgAAdA {g G ©(MjR)), and a term of second order in k, 52 ~ fg^AAAA. One can 
achieve that the order in k agrees with the order of the T- (or iJ-)product 1261 . Namely, one starts 
with Ti(5i), the term 52 is generated by a non-trivial renormalization of a certain tree diagram: in 
T2(5f^) ~ fdxdygAA{x)gAA{y)ddA^{x - y) + ... the propagator df^d''/\^{x - y) is replaced by 
9^ 9" A^(x — J/) — 1/2 g'"' &{x — y). Due to the inductive procedure of causal perturbation theory this 
additional term propagates to higher orders such that this modified T-product, , yields the same 

sense of formal power scries in k. (The corresponding 
renormalization map D l|3.22| l is given in 27_,.) Our definitions of T^^^^ ||4.8| I and Ttioc H4.10|l do not 
contain this 1/2 gf^'^ 5-term, in agreement with the definition of R^i 1 12. 17t . Generally, in this paper 
all terms Sn of the interaction S = Xln>l i^"Sn enter the perturbativc construction of the 5-matrix 
(or interacting field) already to first order of the T- (or iJ-)product. 



16 



Obviously the linked cluster theorem for (*/,trcc, tree) valid also for / = A^: 

Since T^,.^^ is totally symmetric we may define T^^^ in analogy to (|4.6p by the 
recursive formula 



n 



k\ll\...lk\ 

k=2h + ...+h=n,lj>lVj 

•7^t'i-cc,k(7'''''(^®'')®-®ri^^(^®'')) • (4.11) 

The renormalization conditions listed in Sect. 3 are satisfied by T^^.^^, = T^'j.^™'''-' , 
Ttreo = Tt r™'''^ and, provided that T fulfills these conditions, also by T^^^ = T^^^ f™'^) 
(apart from the Field Equation). This can be verified by using the definitions (|4.8p . 
(j4.10p . (j4.1ip and corresponding properties of the Feynman propagator. Or, in case 
of local interactions, these properties can be derived for T^'^j-oc ^^le classical limit of 
yc. linked cluster theorem implies then their validity for Ttree- 



4.2 Definition and basic properties of the vertex function Tt 

Note that T and Ttioc satisfy the relations 

T^(trcc)(l) = l, T(^trcc)iF) = F , T(t,ec) „+l (1 ® ^1 ® • ■ •) = 7^(trcc) „ (i^l ® -) , (4-12) 

which imply the following conclusions for Ttrcc cind T 

oc 

T(tree) (e|^^=^ J2 =0 =^ G„ = Vn (4.13) 

Tl = 

T(trcc) (e|"-^ ^"^") = T(trcc) (e|^-^ ''"^") =^ F,, = G„ Vn (4.14) 

(where i^„, Gn G T are independent of A), as one obtains by proceeding by induction 
on the order in A. 

R- and T-products can be obtained from each other by Bogoliubov's formula (|3.2ip , 
which we will use in the more explicit form 

R{el,F)=f{e-''/'')^T{^i"'®F) , (4.15) 

where the anti-chronological product T is defined by 

oo 

r(e-«) ^ T(eg^)-i = E (l - ^(^« )) • (4.16) 

n=0 

(T(e^)~^ is the inverse with respect to the T^-product.) Although R contains solely 
connected diagrams (see Appendix A) , disconnected diagrams of T and T contribute 
to (|4.15p . Unitarity reads 

'?'(troo)(e^''^) = T(troo) (e*^^ )* ; (4.17) 
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in this form it holds for the tree diagrams separately, where Ttree is defined by (|4.10p 
with replaced by the Anti-Feynman propagator A^-^{x) = A^(x)*. However, note 
that Ttreo(e*^) * Ttree (e'^*)* is not equal to 1. 

We define the 'vertex function' Ft implicitly by the following Proposition: 
Proposition 4. There exists a totally symmetric and linear map 

Tt : TTioc ^ ^ (4.18) 

which is uniquely determined by 

To zeroth and first order in S we obtain 

Tril) = , Tt{S) = S . (4.20) 
The defining relation (|4.19p also implies 

T(ef'' ® F) = rt„c(e;"^^^^^/' Trieg ® F)) . (4.21) 

For S = this gives F — Tt{1 <E) F). The Proposition remains true if, in (|4.19p . we 
replace the time ordered product (T, Ttroc) by the anti-chronological product (T, Ttroc) 
and i by (— «); we denote the corresponding vertex function by Tt- 

Proof. We construct ^T{'Ej'=iFj) by induction on n, starting with (|4.20p . Let Tt of 
less than n factors be constructed. Then, (|4.19p and the requirements total symmetry 
and linearity determine Txi'SiJ^iFj) uniquely: 

TTi'S>-^,F,) = (^/ft)"-lT(®^^lF,)- ^ (V^)!^!'^ Tt,.ee((g) rT(®,ejT,)) , (4.22) 

p|>2 JeP 

where P is a partition of {1, n} in \P\ subsets J. Obviously the so constructed Ft 
is totally symmetric and linear. □ 

The proof applies also to the connected parts (T"^, Ttrcc)- Hence, a totally symmetric 
and linear map Fc can be defined analogously to (|4.18[) - (|4.19[) . that is by 

T^{eT)-T^^^^^'l^^^'). (4.23) 

The linked cluster theorem for T and Ttrec and the definitions of F^ and Fc give 

r.ee(4'^<^^^'>r,ee(e:^^^^«^/^') (4.24) 

and with (|4.14p we conclude 

Ft = Fc . (4.25) 
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Therefore, on the right-hand side of (|4.22p we may replace the time ordered products 
T and Ttrco.k by their connected parts: 

h > 1 Vj 

•7^t';.ce,k(rT(5®'0®-®rT(^«''=)) . (4.26) 

Now let - ^1° and F ~ h^. From and r'=(5®") - Tt'=„^(5®") = ^^(ft") we 

inductively conclude 

Trieg) = S + 0(h) , Trieg <E> F) ^ F + 0{h). (4.27) 

Motivated by this relation and (|4.19p we call rT(e|,) the 'proper interaction'. 

By comparing the recursion relation (|4.26p for Tt with the recursive definition of 
T^P^ ((iTT|) we conclude: 

Corollary 5. 

rT(e|) = (;»/z)Ti"(ef'') . (4.28) 

Analogously to the Main Theorem it holds: 

Lemma 6. The validity of the renormalization conditions for T{= T^"^'^^) implies 
corresponding properties ofTT{= vi^''^^): 

• 7'1-Covariance: o Ft = Tt o T/3l for all LeVl; 
. Unitarity: Triegr = TTieg* ) ; 

. Field Independence: '-^^ ^^t{§^ e|) ; 

• Field Equation: rT(e| ip{h)) — ip{h) ; 

• Smoothness in m > 0: F^'^'' is smooth in m >0 ; 

• ^-Covariance: F^"'^^^ = (^2/^1)^ ° T^"'^'^ ° T(/i2//ii)"^ ; 

• Almost homogeneous Scaling: In contrast to the map D of the Main The- 
orem, Tt scales only almost homogeneously; Up o F^ o T a'p^ ~ F^"'^-* + 
0(log p) is a polynomial in log p . 

• //, instead of Smoothness in m, p,-Covariance and Almost homogeneous Scaling, 
T satisfies the axiom Scaling Degree, then 

n 

sd(wo(rT(Al, A„))(xi - Xr,, ...)) < ^dim(A,) , VA, e Phom • (4.29) 

3 = 1 
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Proof. Each property can be proved for Tt{S®"') (or TriS'^" (g) ip{h)) resp.) by 
induction on n: we work with the recursion relation (|4.22p and use that T and 
Ttree Satisfy the corresponding axiom. In case of the property Scahng Degree we 
take into account that wo(7trcc(---)) ^ tensor product of distributions tj and apply 

sd(®,i,) =EJsd(^J)■ 
Only the Field Equation is somewhat more involved. We use that T and Ttroo fulfil 
the Field Equation and the Field Independence. This implies 

T^{ip{h)^Fi^...^F^) = h [dxdyhix)A^{x-y)-^T^Fi® ...^Fn) (4.30) 

and the same equation for T^^.^^. In the latter case -Fi, may be non-local. (It 

is not necessary to work with the connected parts, but this simplifies the formulas.) 
With the recursion relation (|4.26p and the inductive assumption we obtain 

TrMh) ® Fi ... ® F„) = T%ifih) ® Fi ® ... F„) - ^ » (g) TriFj)^ 

p JeP 

= hjdxdy h{x) A^(x - y) ^ {t\F, ® ... ® F„) - ^ T,'=_ ((g) Tt{Fj))) - , 



p JeP 

(4.31) 

where Fj = ^j^zjFj and P runs through all partitions of {1, n}. □ 

Analogously to the conventions for R- and T-products we sometimes write 
/ dx g{x) rTiA{x)^F2...) for TxiJ dxg{x) A{x)®F2...). Since Ft depends only on the 
functionals, it fulfills the AWI: 5^FT(A(a;) Fa...) = Txidt^Aix) ® Fa...). 

In the proper vertex formalism a finite renormalization T — > T of the T-products 
is reflected in a finite renormalization Ft Ft of the corresponding vertex functions. 

To derive this we insert r(e'^/'') = Ttree (e^^^^^^^'') and KWi into (IX^ and obtain 

Ttrec{etg, j= Ttroo (^e^ ' j. (4.32) 

(Note that the tree part Ttroc is independent of the normalization of the T-product.) 
By using (I4.14p we conclude 

fT(e|)=FT(e^^^«V (4.33) 



4.3 Comparison with the hterature 

Definition of the 'vertex functional' (or 'proper function') F in the liter- 
ature, see e.g. [TU]. Usually F(/i) , h e iS(M, M), is defined as the Legendre trans- 
formed J — > ft, of the generating functional Z(j) of the connected Green's functions 
(where j is the 'classical source' of ip). With that F(/i) is the generating functional 
of the IPI-diagrams of T(e^) (see |28]). We are going to express the latter fact in 
our formalism. To simplify the notations we study a scalar field ip with free action 
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Soif) = 1/2 Jdx {{d(p{x))'^ — w? ((^(2:))^). Green's functions are obtained by the Gell- 
Mann Low formula [29j, which contains the adiabatic hmit g ^ V. 



G(xi, Xn) = hm ^ -. r ^ , (4.34) 



where S{g) = X^^i / (3(2^))" t^n{x) and n is the couphng constant. AU diagrams 
with vacuum-subdiagrams are divided out. These diagrams are disconnected and, 
hence, not of interest for our purposes. Namely, to obtain the vertex functional T one 
selects all diagrams of G(xi, x„) which are IPI after amputation of the external 
legs. The contribution of these diagrams is given by 

G^^^(a;i, ...,Xn) = lim / dyi...dyn Af{xi - j/i)...A_F(a;„ - y„)- 
3^1 J 



■LOo 



( , . , , T^^\e^^(^y^)) + 5^^, A^{x, - X,) . (4.35) 



■^o( , , ' , r^Pi(e-^(^)/^-)) . (4.36) 



Sip{yi)...Sip{y„) 

^From this expression T{h) is obtained by replacing each external leg Ap{xi — yi) by 
the classical field h{yi). In addition one multiplies with (— z)/n! and sums over n > iP^I 

T{h) = Soih) + - lim -7 dyi...dy„ h{yl)...h{y„)■ 
^ g^i J 

n>l 

S" 

^Sip{yi)...SLp{yn) 

Note that the term So{h) comes from the dn.2 A^-term in (|4.35p . 

Relation to our proper interaction rT{e^{g))- We compare (j4.36p with the 

Taylor expansion in ip of Ft (e^^^^ ) : 

rT(e|'^')-E;^ y^yr...^y„.(.0....(.J^o( ,^(^^)^^,^(^^) r.(e|'->)) (4.37) 

and use Corollary [5] This yields 

r{h) = Soih) + hm (FT(e|(^))(M - u;o{TT{e'J'^))) . (4.38) 

(On the right-hand side the functionals Sq , FT(e^'^'') G J- are evaluated on the clas- 
sical field configuration h G 5(M, M).) 

5 The Master Ward Identity 

5.1 The classical MWI in the olf-shell formalism 

In [T] the MWI for on-shell fields (i.e. the retarded products are restricted to the 
solutions of the free field equation(s)) was derived in the framework of classical field 

^-"^ Usually it is assumed that limg^i ujoifgci^)) = 0, which implies ^^[^j \ h=o = 0) i-^- the sum 
runs only over n>2. 
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theory. Since here, we work throughout in a general ofF-shell formahsm [TH], we shall 
derive an ofT-shell version of the classical MWI. In addition, we give an equivalent 
formulation of the classical MWI in terms of Ttree-products that will be useful for the 
proper field formulation of the MWI in Sect. 15.3] 

The classical off-shell MWI follows from the factorization (|2.16p and the defini- 
tion of the retarded wave operators. Let J be the ideal generated by the free field 
equation(s), 

J' = j ^ dxi. .. dXn (P{xi) ■ ■ ■ ip{Xn-l) ^ , 

n^l-J 0(p{Xn) J 

with N < oo and the /„'s being defined as in (|2.2p . Every A ^ J can be written as 
where Q is of the form 

N 

= ^ dxi...dXnipixi)---ip{Xn)fn+lixi,...,X„,x) . (5.2) 
n=0 •' 

Note that in the present framework of classical field theory Q does not need to be a 
local functional. Given A 6 J7 we introduce a corresponding derivation [T] 

Sa"^ fdxQ{x)-^. (5.3) 

J oip[x) 

^From the defining property of the retarded wave operators Def. [T] fiij we obtain 

{A + SaS) o rso+s.,So ^ j '^^ ° '^So+s.So ° ^So+s,So 

/s s 
dxQ{x) orso+s,So-^^^, (5-4) 

which reads perturbatively 

dxRci{el,Q{x))j^eJ. (5.5) 

This is the MWI written in the general off-shell formalism. Indeed, by restricting (|5.5p 
on solutions of the free field equation, the right-hand side vanishes and we obtain the 
on-shell version of the MWI, as it was derived in [1]. Note that for the simplest case 
(5 = 1 the MWI reduces to the off-shell version of the (interacting) field equation 

which is an alternative formulation of the axiom Field Equation in Sect. [31 
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The classical field equation (|5.6p can be expressed in the time ordered formalism: 

This identity holds even for non-local entries and can be obtained easily by using the 
definition of Ttioe given in (|4.10p and the fact that is a Green's function of the 
Klein Gordon operator. Similarly to i?ci, the tree diagrams of the time ordered product 
factorize (cf. [30 ), that is 

Ttrce [e^ ^ f) • Ttree (e^^ g) - Tt,ec (e^| FG) • Ttrcc (e*|) . (5.8) 

We now multiply the field equation for Ttroo with Ttioc(e^ (E)Q{x)). This yields the 
MWI in the time ordered formalism: 

Ttree (e'| ^ {A + 6aS)) = J dx Tt,ec (e'| Q(a;)) ■ . (5.9) 

We point out that the MWI for Ttice (|5.9p holds also for non-local entries 5, Q{x) 
and A. 



5.2 Structure of possible anomalies of the MWI in QFT 

The classical MWI was derived for arbitrary interaction S ^ J- and arbitrary A E J . 
For local functionals A G J\oc = J V\ J-\oc and S G !F\oc it can be transferred formally 
into pQFT (by the replacement i?ci R), where it serves as an additional, highly 
non-trivial renormalization condition. It is impossible to fulfill this condition for all 
A S Jioc- We aim to find a general expression for the possible violations ('anomalies') 
of the MWI. Later we will use this result as starting point for a proof of relevant cases 
of the MWI. This procedure is motivated by algebraic renormalization, where the QAP 
serves as the crucial input to study the possibility to fulfill some Ward identities (see 
[To] and references cited therein). 

The main insight into the structure of possible anomalies of the MWI is the fact 
that they can be expressed in terms of a local interacting field: 

Theorem 7. Given a retarded product R fulfilling the basic axioms Initial Condition, 
Causality and CLZ Relation and given a local Junctional 

dxh{x)Q{x)—^ eJxoc , heV{m), QeV, (5.10) 
dip[x) 

there exists a unique, linear and symmetric map 

Aa : T.F10C Tioc (5.11) 

-Fi0---0F„ i — > Aa(Fi0---®F„) 

which is implicitly defined by the 'anomalous MWI' 

R{elA + SaS + AAieg)) ^ J dy /,(y)i?(e|, g(y))^. (5.12) 
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As a consequence of (|5.1'2p the map A a has the following properties: 



(i) Aa depends linearly on A ; 
(m) locality expressed by the two relations: 

[ttb) supply j C nf^isupp(^— j n supp(^— j; 

(m) A^(l) = ; 

/s s 
dxh{x)R{e%,Q{x)) ° 



l5(/5(x) 

(v) A^(Fi®---®i^„) = C>(n) Vn>0, -n", (5.13) 

and 

(vi) We set A\ = Aa|^»" • For e V{M) , Lj & V it holds 



A^(ii(.gi) (g) ... Ln{gn)) = y dxi...dxn dy gi{xi)...gn{xn) h{y) 

•A"(Li(xi) ® ... L„(x„); g(2/)) , (5.14) 
where the distributional kernel A"(ii(xi) ® ...;Q{y)) is inductively given by 

A"(Li(a;i) ® ... L„(x„); g(2/)) = -i?(®^^iL,(x,); g(2/) • ^) 



■$:i?(0,(^o^,(x,O;Q(y)E(^"'^)(^'-y)a(a;i^(^') 

^ i?(®,6/L,(xO; Al^''l(®je/cLj(xj);Q(y))) 

/C{l,...,n},/740 

+i?(®^=iL,(x,);Q(y)).^. 



(5.15) 



Note that (jSTT^ differs from the MWI ([5?5|l only by the local term A^(e|), which 
clearly depends on the chosen normalization of the retarded products. Therefore, 
property (iv) means that the MWI for A is fulfilled if and only if the corresponding 
map A^ vanishes identically. 

Proof. To show the existence and uniqueness of A^ we construct its components A^ by 
induction on n using (j5.12p . In this inductive procedure we also prove the properties 
(i) — (Hi) and (vi). To lowest order in S the condition (|5.12p gives Aa{1) = 0. 
Given n > 0, we assume the existence and uniqueness of linear and symmetrical maps 
A^ : J'loc, < k < n, which depend linearly on A, are local and satisfy (vi), 
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such that (|5.12p is fulfilled to all lower orders in S: 

1=0 ^ ^ 

^^a;/^(x)i?(5®^Q(x))-^ (5.16) 
d(p[x) 

for all k < n. We define in terms of the inductively known , k < n: 
AliFi (E) ■ ■ ■ (S) Fn) = dxh{x)R{Fi(S)---(E)Fr,,Q{x)) ° 



6ip{x) 

n 

- (^R{Fi (E)---(E)F,„A)+Y^ R{<S)^en\{k}F^,SAFk) 

k=l 

+ J2 R{^^eIF^,A^i^{^JeJFJ))) , (5.17) 

IUj=n, \ J\<n 

where we used the notation n {1, . . . ,n} and / U J for the disjoint union of / 
and J. For Fi — . . . ^ Fn ^ S the formula (|5.17p agrees with (|5.12p to order n in 
S. Obviously, A^ is linear and symmetrical and it is uniquely determined by these 
properties and (|5.12p . We also see that A^ is linear in Q resp. A. 

The main task is to show the locality (m) of the right-hand side of (|5.17p (which 
also implies A\{Fi ® ■ • ■ -Fn) € -^^loc)- To this end we denote by 

M„,i(Li(xi),...,L„(x„);g(2;)) = i? (®,g„L,(x,), Q(2/) ^f^) 

+ 5]i?(®,e„\wi.(x.),Q(y)^§^) 

k=l 

+ Y1 ^ (®^eIL^{xi), AI-^I {(S)jejLj{xj);Q{y))^ 

IUj=n, \ J\<n 

the distributional kernel of the three terms in brackets in equation (|5.17p , where Fi = 
Jdx gi{x)Li{x) {gi G I?(M), Li G V) and we use ()5.14p for a|/' to lower orders 
I J| < n. We will show that M„ i(Li(xi), . . . ; Q{y)) coincides outside the total diagonal 
D„+i = {(xi, . . . , x„+i) G M"+-'^,a;i — ■■■ = Xn+i} with the distributional kernel 
R{Li{xi) ® • ■ • (g) Ln{xn),Q{y))-^^ of the first term in (jSTf)) . This shows 

supp A"(®;'^iL,; g) C D„+i , (5.18) 

where A"{<»J^^Lf, Q) is defined by dSTTS]) . (By construction A"(®^^iLj;Q) is the 
distributional kernel of A^(ii(5i) ...) (|5.17p . which proves (vi).) The support prop- 
erty (|5.18p imphes locality {iia). To derive the the second locality statement (iib) we 
additionally use that 

^_^m^p)iM^^, .^.,v,^i,...,fc, 

dip{z) 
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as explained in [SU]. By means of (|5.15p we conclude 

SUpp C Dn+2 , 

dip 

which is equivalent to locality {iib). It follows also A^((8)"^j^Lj((7j)) G ^loc- 
We turn to the proof of (|5.18[) . Since Af„^i has retarded support 

supp(5M„,i/(5^) C {{xu...,Xn,y) G M"+i; xi, . . . , x„ ey + V-} (5.19) 

and is symmetrical under permutation of the first n entries, it is thereby sufficient to 
consider the particular case where x„ G y + V-\{y}. In this case it holds 

Mn,i{Li{xi),...;Q{y)) = R {®,en-iU{x,) ® Q{y)^^) 

ri-l 
k=l 

+ i?((g)ig/L,(a;,)0L„(x„),Al'^l(®j-gjLj(xj);(5(2/))) 



7Uj=n-l 



where the locality of the distributions A^'''^{iSijejLj{xj)]Q{y)) for |J| < n is used. 
Now we apply the GLZ Relation to each term and take the support property of the 
retarded products into account. This yields 

M„,i(i(a;i),...;Q(y)) = ^ {i?(®,ejL,(a;,), L„(x„)), i?(®,ejL,(x,), Q(2/)^)} 

n-1 

+ E E {R{®^eIU{x,),L^{xn)),R{®,eJL,{xJ),Q{y)'-^^)] 

k=l IUjU{k}= n-l 

+ XI E {Ri®ieKLi{x,),Ln{xn)) ,R{®ii^LLi{xi),A\^\{(^jejLj{xj);Q{y)))y 

IUJ= n-l KUL=I 

(5.20) 

To transform the last term we use the induction hypothesis (|5.16p written in distribu- 
tional form, 



X R{(^i^LLi{xi),A^^^{(E)j^jLj{xj);Q{y)))^R{(E),eHL,{x,),Q{y))^ 

5ip{y) 



LUJ=H 

^HL,{x,),Q{y)^) - J2 R{'»^eH\inH^^)' Q(y)^l4¥) (5-21) 
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for all H C n — 1 . After rearranging the sums the last term in (|5.20p is equal to 
J2 {fi(«'«e/^.(a;*),in(a;„)),i?(®,6j£j(x,),Q(y)3||y)} 



IU,J=n~'l 

n-1 



k=l IUjU\k}= n-l 

+ J2 {Ri^^£IL^{^^)^I^n{Xn)),R{(^JeJL,{xJ),Q{y))^y (5.22) 
IUj= n-l 

The last term in (|5.22p can be transformed by using the identity 

{F^P(^)^}-iF^Pi^)}^^ F,Pix)eT (5.23) 

(which follows from the fact that the 2-point function is a solution of the free field 
equation) and by applying the GLZ Relation: 



^ {ni^^eiHx,), Ln{xn)), R{'S)jejLj{xj),Q{y))^} 

JJ= ra-l 

= E {Ri'^ieiLi{xi),Ln{xn)),R{<S'j(^jLj{xj),Q{y))} 

IUj= n-l 

= i?(Ll(xi) ■ • ■ ® Ln{Xn), Q{y))i^y 



Summing up the first two terms in (j5.20p and the first two terms in (j5.22p cancel and 
we get the desired result 

M„,i(Li(a:i), . . . Q{y)) = R{L,{xi) <E> ■ ■ ■ <E) Ln{xn), Q{y))^^ (5-24) 

y{xi, . . . ,Xn,y) ^ D„+i which proves (|5.18p . 

The conclusion of property (iv) is obvious from (|5.12p and '-4=' follows induc- 
tively for A^(S'®"), because the right-hand side of (|5T71) (for Fi = . . . = F,, = S) 
vanishes in that case if =0 \/k <n . And A^(e|,) = V5 implies A^ = by the 
polarization identity. 

The crucial property that A^(Fi ® ■ ■ ■ ® F^) = 0{h) for all rt > and Fi ^ h°, 
follows immediately from the validity of the classical MWI and lims^o R = -Rci by 
using property (iv). □ 

Mostly we will omit the index n of A^ and its kernel A". 

Up to here we only assumed that the i?-product satisfies the basic axioms. If it 
fulfills renormalization conditions, then corresponding properties of A a are implied. 

Lemma 8. (i) The axioms V]^-Covariance, Unitarity, Field Independence and Field 
Equation, respectively, imply corresponding properties of A a ■' 

- 7'1-Covariance Pl AA(e|) = A^^A(e^^^) , VL e vl ; 
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Unitarity A^(e|)* = AA*(e|*) ; 
Field Independence 

^ Aa(5®") = AA.(5®")+nAA(5®("~^)0Y^) ' (5-25) 



S(p{x) " Sip{x 

sc 

Sip{x) 



where is obtained from A 15.1(J\) by replacing Q{y) by 



dcf 



/^'.Mflj^Cj,,; (5,26) 



Field Equation 



dxh(x)—^, VheV(M); (5.27) 
dip{x) 

(a) Let Qj G I?(M) , Lj G V. Assuming that the R-products satisfy the axioms 
Translation Invariance and Field Independence, there exist linear maps P" : 
-p(gi(n+i) _j, -p ^y;/jg^g Q, fujig through a finite subset of (Nq)"^, which are sym- 
metric in the first n factors, such that A^ can be written as 

A^(Li(gi)®...(g)L„(.g„)) = 

jdxh{x)d''^gi{x)...d''-g^{x)P^{Li®...®L^-Q){x) . (5.28) 

aG(N|J)" 

Part (ii) can be proved without assuming Field Independence of the i?-products, 
see [30]. 

Proof, (i) We prove all properties for the components A^ of Aa by induction on n. 
We verify that the right-hand side of (|5.17p fulfills the assertion by using the pertinent 
property of the i?-product and the inductive assumption. 
In case of the Field Independence we additionally take 

Ax+ f dy h{y) Q{y) , , , , (5.29) 



5^p{x) J ' Sip{y) 6(f{x) 



Sip{x) ^ \6(p{x) 
into account. 

Field Equation: for A = Jdxh{x)-^^ the MWI reduces to the off-shell field 
equation in differential form, which is equivalent to the integrated version p.8p . The 
assertion follows by means of property (iv) of A a in Theorem [T] 

(a) The statement is a simplified version of Proposition 4.3 in [T6|. The proof, 
which is given there in words, is carried out here explicitly, since these formulas will 
be used below in the proof of part (ii) of Prop. [TOl 
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The Field Independence (|5.25p translates into a corresponding relation for the 
distributional kernel (|5.14p : 



X:A(55,(^,L,(.,)0^;Q(y)) +A(^Ui.(-.);g^ . (5.31) 

We insert this identity into the Taylor expansion of A{(E)^^iLj{xj); Q{y)) with respect 
to If. This yields the causal Wick expansion 



aij^ ,aj 

71 I i I 

•n(n^"'"^(^^)) •n^"^^(y) ' (5.32) 

where C'^\j ''q^,^ ai ai ^ combinatorial factor. Now we crucially use the locality 
(iia) of ujq(^a(^^-^-!^{xi) ^^(y)^^ • Hence this distribution is of the form 



UJQ 



A(^(xi)®...;|^(y))) =^a(a^<5)(xi-y,...,a:„-y) , (5.33) 



with constant numbers Cb (due to Translation Invariance) which depend on the field 
polynomials in the argument of A. The term with index b gives the following contri- 
bution to AA{Li{gi) ® ... (8) Ln{gn)) (Ell]): 



(-l)l''l j dxi...dxn dy6{xi - y, ...,Xn - y) 

n U I 

•My)-5^,....„(5i(a;i)...5„(x„)-n(n^""'^(^»)) •n^"^^(2^)) ' (^.34) 

where we have omitted constant factors. By reordering the sums we write Aa {Li {gi ) 
... (g5 Ln{gn)) in the form (|5.28[) . Since A^(Li(gi) ® ... ® L„(g„)) is multilinear in the 
fields Li, . . . , Ln, Q and symmetric in Li, . . . , L„, the maps must satisfy corre- 
sponding properties. □ 

We turn to the scaling behaviour of A^. Assuming that the i?-products satisfy the 
axioms Smoothness in m > 0, /x-Covariance and almost homogeneous Scaling (|3.16p . 
the map (S®" i® A) i-^ /s^i^^t^) (^g^n-^ does not scale almost homogeneously in general. 
Namely, for non- vanishing mass we are faced with m-dependent inhomogeneous poly- 
nomials: 5*0"'' = So ^ Vhom , ^ 'Phom and, hence, = A is in general not 
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in Vhom- In typical applications of the MWI (see e.g. the 0{N)-mode\ in Sect. I|5.4.4p 
or current conservation in QED) the simplification appears that Qj is independent of 
m and the m-dependent terms of |^ cancel in ^ = J dx J^j Qji^) s^^(x) • even 

with that, ffp A^''_i T''^''((o'^^ S*)®") is in general not a polynomial in (logp): proceed- 

ing inductively the first term on the right-hand side of (|5.17p does not scale almost 
homogeneously due to the mass term in ^0 

For this reason, we assume here the axiom Scaling Degree (|3.19p instead of 
Smoothness in m, /i-Covariance and almost homogeneous Scaling. 

With this weaker assumption we are going to derive a corresponding scaling degree 
property of Ayi and an upper bound for the mass dimension of A^(S'®") which does 
not depend on n if S is a renormalizable interaction. For the latter purpose we have 
to define the mass dimension of a local functional. We use that every F £ !F\oc can 
uniquely be written in the form 

F^J2j d^9^ix) P^{x) , e V{M) , P, G Pbai • (5.35) 

i 

With that we define 

dim P = maxi dim Pi (5.36) 
This definition is minimal in the following sense: 
Lemma 9. Let 

F = Y.j dxgrix) B,{x) , g, e V{M) , B,eV . (5.37) 

i 

Then it holds 

dim F < max-i dim Bi (5.38) 

Proof. Every Bi can uniquely be written as Bi — J2j Pij {(^) Pij i Pij ^ Phsd , where 
Pij (d) is a polynomial in the partial derivatives [16] . Inserting this into (j5.37|) and 
shifting the derivatives to the test function we obtain the unique representation ()5.35|) 
of F. The assertion follows from dimPy < dimP; Vi,j. □ 



iFrom A = Jdyh{y)Qiy)^ 



we conclude 



S S S S d -\- 2 

dim(yl) < dim((5) + dim(— — ) where dim(— — ) = dim((n + m^)ip) — . 

Oip dip 2 

(5.39) 

Analogously the relation SaS — Jdy h{y) Q{y) implies 

dun{5AS) < dim(Q) + dim(5) - dim((p) = dim(g) + dim(5) - . (5.40) 



^■^In detail: from the derivation of the classical MWI l|5.4| l- l|5.5|l it follows that the scal- 
ing of the right-hand side of the anomalous MWI 115.121 1 must be such that the mass m in 

_R(™.'') and in has the same value that is the scale transformation reads Jdyh(y)ap o 
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With these tools we are ready to formulate and prove the following Proposition. 

Proposition 10. (i) Scaling Degree. // the R-products fulfill the axiom Scal- 
ing Degree IIS.19\) . then the scaling degree of the 'vacuum expectation value ' of 
A(Li(a;i) (8) is bounded by 



sdwo(A(®7=iL,(a;j);Q(j;))) < ^ dimL, + dimQ + . (5.41) 

i=l 



(ii) Mass Dimension. // the R-products fulfill the axioms Field Independence and 
Scaling Degree 13.19\) . then the mass dimension of Aa{Fi ® ... (E)i^n) is bounded 
by 

n d '2 
dim Aa(Fi (g) ... (8)F„) < ^dim(F,) +dimQ+ — i dn . (5.42) 

i=l 

For a renormalizable interaction, that is dim(S') < d, this implies 

dim AA(e|) < dimQ + . (5.43) 

Note that for a renormalizable interaction the upper bounds on the mass dimension 
of A (|5.39p . 5aS (|5.40p and A^(e|,) agree, as one expects because the sum {A + 5aS + 
A^(e|)) appears in Theorem [71 

Proof, (i) Proceeding by induction on n we apply ljo to ()5.15|) and estimate the scaling 
degree of the resulting terms on the right-hand side by using 

n 

adLUo(^Ri^]IiLj{xj);Ln{xn))^ <^dimij , (5.44) 

which follows from (|3.19p . (In contrast to (|3.19p we do not assume Lj G "Phom-) For 
example we obtain 

sdLOo{R{®,i^iMx,);Q{y) {d'^S){xi - y) Q^^i^i)) 

< y dimi, + dimQ + dim( \ + sd(9'^(5) 



" d + 2 
= ^ dim Lj + dim Q H — . (5.45) 

The same bound results for all other terms. (The vacuum expectation value of the 
last term vanishes.) 

(iv) We may assume Fj = Lj{gj) with Lj a balanced field, Lj E Phed- With that 
it holds dim(Lj) ~ dim(Fj). We use the formulas derived in the proof of part (ii) of 
Lemma m in particular the causal Wick expansion of A{^jLj{xj);Q{y)) (|5.32|1 . (In 
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the formulas given below the indices have precisely the same meaning as in that proof.) 
Looking at (|5.33|) . we get an upper bound for the scaling degree of the left-hand side 
by means of (|5.4ip . This implies that the range of b on the right-hand side of (|5.33p is 
restricted by 



\b\ + dn < ^^yiim Li — 

t=i ji=i 
I 



2 



dimQ-^(|a,| + ^)+^. (5.46) 



i=i 



All terms of A^(Li((7i) (g) ... Ln{gn)) are of the form (|5.34p where |6| is bounded by 
(|5.46p . Due to Lemma [S] the mass dimension of the functional (|5.34p is bounded by 

EE(i«^.-I + ^)+E(ki + ^) + h 

i=l = l j = l 

" d + 2 
< ^ dim -I- dim Q H dn . (5.47) 

1=1 

This implies the assertion (|5.42p . □ 

5.3 The MWI in the proper field formalism, and the Quantum 
Action Principle 

In the literature the Quantum Action Principle (QAP) is formulated in terms of time 
ordered products. Hence, to be able to compare our results with the QAP, we first 
rewrite Theorem [7] using T-products: 

Lemma 11. Using the assumptions and notations of Theorem^the anomalous MWI 
(j5.12p can equivalently be written in terms of the time-ordered product: 

T(ef ''0(^ + <5^5 + A^(e|))) = J dy h{y)Tief^ Q{y))^. (5.48) 

Proof. Using the formula of Bogoliubov (|4.15p and the identity 

(^FirG)-^^Fir(G-^) yF,GeT (5.49) 
dip Of 

(cf. (|5.23p ). where • denotes the classical product, we obtain 

r(e-^^/") *T(ef"' ® (A + SaS + A^(e|))) = 
ne^''^^) *(^jdy h{y) r(ef"' ® Q{y)) ■ ^) . (5.50) 

MultipHcation by T{e'^^^) from the left yields □ 
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As shown in (|5.9p the MWI is satisfied by Ttreo, i-e. it can be violated only by the 
contribution of the loop diagrams. To concentrate the study of the solvability of the 
MWI to that terms for which the MWI is a non-trivial condition, we reformulate the 
anomalous MWI (|5.12p within the proper field formalism introduced in Sect.[51 

Corollary 12. The anomalous MWI in Theorem^ can equivalently be expresses in 
terms of the vertex function Tt (defined in Prop, j^; 

dxfe(x)rT(e| Qix)) ^^^" tJix)^^^^^ " ^^^^^ <S>iA + 6AS + A^leg))). (5.51) 



Proof. Applying (|4.19p on both sides of (|5.48p we obtain 

<TT{eg^{A + SAS + AA{el)))) 

'dyhiy)T,,^^[4^^'-^/'^Tr{eg ® Qiy))^ 



Sifiiy) 



On the right-hand side we use the classical MWI in terms of T-products (|5.9p and 
obtain 

• ■ ■ = Ttrcc (^e^j ^ (g) J dyh{y)TT{e^(g>Q{y)) ^^^^^ ), 

which leads, by means of (|4.13p . to the assertion (|5.5ip . □ 

To compare this result with the literature, we introduce r(S'o, S) = So + Trieg) 
and, motivated by ()4.27p and (14.381) . interpret T(So,S) as the proper total action 
associated with the total classical action Stot = So + S. In addition, we introduce 
'insertions' (see [TU]) in our algebraic formalism: let P e C°°(M, V) and p e P(M) some 
testfunction (in the literature often called 'external fieldp. We define the 'insertion of 
P{xy, usually denotecS by P{x) ■ T{So,S), as foUowsB 

P(a;)-r(S'o,5) = ^t(^So,S+ j dxp{x)P{x)) ^TT{el® P{x)). (5.52) 



We denote by S' S + Jdxp{x)Q{x), p G V(JM) the modified classical interaction 
containing a coupling to the external field p, and write AA(e|) = Jdx h{x)A{eg; Q{x)) 
with A{eg;Q{x)) € I?(M, P) (Lemma, ^ii)). Using this notation and the fact that 
the anomalous MWI l|5.5ip is valid for all h G I?(M), we rewrite ()5.5ip in terms of the 
proper total action: 



ST(So,S')6T(So,S') 



Sp{x) S(p{x) 



= A(x)-r{So,S), (5.53) 



^■^The dot does not mean the classical product here! 

^^Note, that in the setting of causal perturbation theory the introduction of external fields in 
order to express 'insertions' or nonlinear symmetry transformations is - in contrast to conventional 
perturbation theory — not necessary. 



33 



where the local field A(a;) is given by A{x) = Q W^^y°(tf + ^(e|;Q(a;)). This 
formulation of the anomalous MWI is formally equivalent to the general formulation 
of the QAP in [10]. Note that due to property (v) in Theorem [7] and (|4?27)) . the 
ft-expansion of the right-hand side of (|5.53p starts with 

A(x) . r(^o, S) ^ Q{x)'-^§^ + Oik) ^ + p + p +Oin), (5.54) 
o(p[x) op(x) d(p(x) p=o 

which is completely analogous to the expansion of the right-hand side of the QAP in 
|10| . Moreover, for a renormalizable interaction S, the mass dimension of the local 
insertion A{x) is bounded by dimQ-f = dimQ — dim(/3 -|- d (Prop. [10]), in agreement 
with [To]. 

5.4 Removal of violations of the MWI 
5.4.1 Fulfillment of the MWI to first order in S 

Before we are going to investigate the question whether the MWI can be fulfilled in 
a concrete model (i.e. for a given A £ jTioc and a given interaction S G .?ioc), we 
will show that the MWI can always be fulfilled to first order in the interaction sE 
Apart from the interest in its own, this result will be needed in our proof of the Ward 
identities of the scalar 0(A^)-model (Sect. [5A4| . 

Proposition 13. Given A — Jdy h{y)Q{y)-^^^ (with Q E V) and S G Tioc there 
exists a retarded product Ri,i which fulfills all renormalization conditions (specified in 
Sect. \^ and 

Ri,i{S,A)+5aS = Jdyh{y)Ri,i{S,Q{y))^^ . (5.55) 

Proof. We start with i?-products satisfying all renormalization conditions. For sim- 
plicity we work in the proper field formalism. /^From the anomalous MWI (Cor. [T^ 
we obtain to first order in S 

AA{S)^^ldyh{y){TT{S^Q{y)^^)-Tr{S^Q{y))^) . (5.56) 

By inserting the Wick expansion p.7p of F^ (which holds since F^ fulfills Field Inde- 
pendence), we find that the terms containing no contraction of cancel. It remains: 

Aa{S) = - fdxdyg{x)h{y) ^ c.o(Ft(Z(x) ® Q(y)^))£(a;)g(2/) (5.57) 

CCC,QCQ 



where we write 5* = ^ dx g{x)C{x), g G P(M) and sum over all subpolynomials 

P = a(^'^^S'^Oi0^^v) ofP eV (for F = £, Q), denoting by £ - i UU ^"^^ ^he 
corresponding 'counterpart' (see p.7p V Due to locality of Aa{S) the distributions 
^Ft(£(x) ®Q{y) f^f(y^ )^ are supported on the diagonal {{x,y)\x = y}, cancellations 



E.g. the axial anomaly of QED is of second order in the interaction. 
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of non-local terms on the right-hand side of (|5.57p are impossible. We are searching 
a finite renormalization Tt — > which removes the violating term Ayi(5'). Due to 
(|4.33p a renormalization of Tt{S (8) F) must be of the form 

tT{S(g)F)=rT{S(g)F) + D{S<E)F), VFeJ^ioc, (5.58) 

with D satisfying the properties listed in the Main Theorem. To obtain a field in- 
dependent D we construct it from its vacuum expectation values by the causal Wick 
expansion (|3.7p . Obviously, setting 

u;o[D(£{x)r^Q{y)^^)) -u:o[rT{C{x) ® Q(y)^)) , (5.59) 

the corresponding Tt satisfies the MWI to first order in S. Here we essentially use 
that the distribution on the right-hand side has local support. One verifies easily that 
D (and hence the resulting Tt) satisfies all renormalization conditions. □ 

5.4.2 Removal of possible anomalies by induction on the order in h 

The formal equivalence of the anomalous MWI (written in the form of Cor. fT^ and the 
QAP makes it possible to apply basic techniques of algebraic renormalization within 
the framework of causal perturbation theory. The main idea underlying algebraic 
renormalization is to start with an arbitrary renormalization prescription; with that 
the considered Ward identities are in general broken. Proceeding by induction on the 
power of h, the question whether one can find a finite renormalization which removes 
the possible anomaly (i.e. the local terms violating the Ward identity) then amounts 
- by means of the QAP - to purely algebraic (often cohomological) problems. 

We will apply this strategy to the MWI in the proper field formalism (which is 
given by (|5.5ip with AA(e|) = 0): given A G jTioc and S € ^loc, we are going to 
investigate whether possible anomalies of the corresponding MWI can be removed 
by finite renormalizations of Tt (|4.33p . Proceeding by induction on the power of h, 

(k) 

we assume that for a given map (which satisfies the renormalization conditions 

-t- 

Unitarity, 7'_[_-Covariance, Field Independence, Field Equation and Scaling Degree, see 
Lemma ^ the MWI is violated only by terms of order h'' ; that is in the anomalous 
MWI (Cor.IH]) for T^ , 

tP (e| ^{A + SaS)) + Ti,'\el ® A^^^eg)) = 
I dy hiy) tP (e| « Q{y)) '^^^'^ , (5.60) 

the violating term can be written as 

FW(e|®A«(e|)) = A(f)(4) + 0(;.'=+i) , Af{el) = 0{h^) , (5.61) 

where (|4.27p is used. Note that, due to Theorem [7] (v) and (|4.27p . any vertex function 
Tt fulfills this assumption (|5.60p - (|5.6ip for fc = 1 and, hence, can be used as F^^-*. 
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To fulfill the MWI to k^^ order in h (and to maintain the other renormalization 
conditions), we have to find a renormalization map I?'*^) (with the properties {i)-{v) 
and {vi) {B) of the Main Theorem) such that 

r(?+i) (eg ®{A + SaS)^ + 0{h''+^) = 

dy h{y) r(^+^) (e| ® Q{y)) ""j^^^ ^'^^^ ' ^''''^ 
with r^^"'^'' given by 

Tr'\el) = T^\eT''^^') e J^,.. . (5.63) 

To maintain the validity of the MWI to lower orders in h we choose Z)^'^-' to be of the 
form 

i?W(eg) + Di%^), D^^liel) = Oiti') , VF G T,,, , F ^ . (5.64) 
This implies 

^r'^'^^ = eg + e| ®.y^D^^l{el) + 0{h'^+') (5.65) 
(where <X>sym denotes the symmetrized tensor product) and 

r(?+^)(e|)=rW(4)+4^)(4) + 0(?,'=+i) , (5.66) 

r(^+^)(e| ®F)= 4^)(e| ^^) + 4\)(4 ® F) + 0{h^+^). (5.67) 

We insert the latter two equations into our requirement (I5.62p and use the inductive 
assumption (|5.60p - (|5.6ip . It results 

- jdy h{y) D^^l (e| ® Q(y)) ^f±f + Oih'+') . (5.68) 

The violating term A|^-'(e|) is inductively given by r^*'^ If we succeed to find a 

corresponding map D^^^l fulfilling (|5.68p and the properties of a renormalization map, 

then the pertinent finite renormalization removes the 'anomaly' A^-'(e|,). However, 

since D^^l appears in (|5.68p several times with different arguments it seems almost 
impossible to discuss the existence of solutions in general. 

5.4.3 Assumption: localized ofF-shell version of Noetiier's Theorem 

In various important applications of the MWI the scar ch for solutions d'-^I of (ISlMj) 
is simplified due to the validity of the following assumption. In the given model the 
total actiorF^ 

So+S{g) (with S{g) = ^ 5„(g) , S„ig) ^ J dx (g(x))" /:„(x) , g G V{M) , G P) 

n>l 

denotes the coupling constant. 
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is invariant with respect to the symmetry transformation 

dy h{y) Q{y) = ^ k" 5a„ (corresponding to A = ^ k" ^„ , A„ e Jioc) 

n>0 n>0 

in the following way: there exist 

• a current j^(g) = En>o '^'^ (f) , J^(5)(a;) = {g{x)Y i^^{x) (with e T') and 

. a 'Q-vertex0 £(1)^(5) = E„>i ^^'^ '' (s) , ^i'^''(5)(2:) = (5(x))"-i £i'^ ^(x) 
(with C^n^ " eV) 
such that 

<5^(5o + ^(5)) = A + SAS{g) = J dxh{x)(^d^r{g)(x) - C^^^^{9){x) d^,g{x)) (5.69) 

in the sense of formal power series in k. To zeroth order in k the assumption ()5.69p 
reads 

5a,So = ^o^ J dxh{x)d^j^ix) , (5.70) 

where jo is the symmetry current of the underlying free theory. This simplifying as- 
sumption can be interpreted as the validity of an off-shell version of Noether's Theorem 
for the case that the interaction and the symmetry transformation are localized. It 
is satisfied e.g. for the scalar 0(Af)-model treated in Sect. 15.4.41 and for the BRST- 
symmetry of (massless) Yang-Mills theories, massive spin-1 fields and massless spin-2 
fields (gravity). For the interacting scalar 0(Af)-model (see Sect. 15.4^ the simplifica- 
tions A = Ao, SaS = 0, £(1) = and j = jo appear. However, for the BRST-symmetry 
Sa and j are generically non- trivial deformations of 5ao and jo, and 6aS and jC^^-* do 
not vanish. 

Example: BRST-symmetry. We are going to verify that the above mentioned models 
satisfy the assumption (|5.69p . Our argumentation is based on conservation of the 
classical BRST-current. For constant couplings (i.e. g{x) = 1 \/x) there is a conserved 
Noether current j — X]n>o ^o the BRST-invariance of the total action. We 

use these j„'s to construct the BRST-current of the corresponding model with localized 
coupling Kg{x) [g £ I?(M)): we set j{g){x) := X!n>o('^5('''))" "^^^ violation of 

the conservation of j{g) is expressed in terms of the Q-vertex [T31 [51 [T]: in Sects. 3 
and 4 of f27j it is shown that for the considered models there exists a Q- vertex £'^^^(3) 
such that 

Rci{el^'\J dxh{x){dj{g){x) - C^'^'^{g){x)d^g{x))) G J . (5.71) 

Proceeding by induction on the order in k and using the MWI (as it is worked out in 
formulas (190)-(191) and (152)-(157) of Jj) one finds that (|?TT|) is equivalent to the 
sequence of relations 

Ao / dxh{x)djo{x) e Jioc (5.72) 



^^The name 'Q-vertex' is due to 'perturbative gauge invariance' |31| . which is related to BRST- 
symmetry. 
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and 

n— 1 « 

A„ := - ^ SA.Sn^iia) + / dxhix)(^djn{g){x) - C'^^\g){x) dg{x)) G Jioc (5.73) 

(=0 

for n > 1. This yields our assumption: with (|5.72p the condition (|5.70p holds true 
and (|5.73p implies An — Sa^Sq and with that (|5.73p gives (|5.69p to nth order in k. 
5a — Sn>o '^^^ ^ localized version of the usual BRST-transformation. 

We point out that the nilpotency of the BRST-transformation is not directly used. 
Every model fulfilling the local current conservation (|5.7ip (with S{g)^ j{g) and (g) 
of the above form) satisfies our assumption (j5.69p if the symmetry transformation Sa 
is defined by (|5T^ - ([5751) . 

Assuming now the validity of (j5.69p . we are going to derive a simplified version of 
l|5.68p . For shortness and coincidence with the notations of the preceding Sects, we 
write S, j and C^^^ for S{g), j{g) and £^-^^(g), respectively. For the time being, we 
additionally assume that the testfunction h satisfies h{x) — 1 for all x S supp((5 S/S(p). 
With that A^''(e|,) is independent of the choice of h within this class and h can be 
replaced by the number 1 (see Lemma [5]('Mj). h does not appear also on the right-hand 
side of (|5.68p : namely, due to our assumption and the locality of the map Z?^^^ (see 
Theorem [Slf^iJ) we obtain 



i[el(^{A + SAS)) = I dy (dl Pj'l (e| ® f{y)\ -Pj'l (e| <E> ^{y)) d,g{y) 



—0 for y^supp{6S/(5(^) 

(5.74) 

and, using again the locality of D^y\ , (|5.68p simplifies to the condition 

A^'^) {eg) = -Jdy {d^^I (e| Q{y)) ^ + D^^l (e| « C^-'^ (,)) dg{y)) 

-5Di'l{ei) + 0{h'+') , (5.75) 

where A('^^(e|) =^ A^^ (e|)|;i=i and S is the non-locahzed version of Sa- 

5 / dxQ{x)-^. (5.76) 

It is much easier to find a solution D^^l for (|5.75p than for (|5.68p . since in (|5.75p the 
localization of the derivation Sa is removed (i.e. h is replaced by 1) and since the 
Dyl (e|, (g) 9j)-term vanishes. 

However, we want to solve the MWI for general h e I?(M)[^ To investigate 
whether l|5.75p is also sufficient for the more involved condition (|5.68p for arbitrary 
/i, let a solution Di^l of (|5.75p be given. We point out that the map D^l is not 



^^For example this is used in the derivation of our version of the QAP US. 531 1 from the anomalous 
MWI. 
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completely determined by that, only the combination of D^^l{e^), D^^l{e^ (X> Q) and 
-^>i(e| ^ >C'^^) appearing on the right-hand side of (|5.75p is fixed. We claim that, 
given such a there exists a linear map if^ : TTioc X'(M, V) with the property 



A^-) (e|) = Jdy h{y) (d,K^^{el){y) 0^%^ <E> Q{y)) ^f±fi 

-Df,{ei®C^'\y)dg{y))]-5AD^yl{ei) + 0{ti'+') (5.77) 



for aU h e I?(M) and with i^^(l) = 0. The latter condition is compatible with l(5Tf)) . 
because to zeroth order in k the condition (|577|) reduces to / hdK{l) = 0{h^+^), due 
to £'1^1^(1 ® F) = = (VF, see (ISlMl) ). 

To show the existence of iiT'', we first prove the following Lemma, which describes 
the difference between 5a and 5 with respect to their action on local functionals: 

Lemma 14. Let he given F G !F\oc , I G P(M, V) and a localized derivation Sh = 
Jdxh{x)Q{x)j^^j^, h £ 2?(M), Q d V, such that the corresponding non-localized 

derivation 6 = j'dxQ{x)j^^^ satisfies 

^ j dxl{x). (5.78) 

Then there exists a ^ V^M^V) such that the following localized version of (I5.78P 
holds true: 

5hF ^ jdx h{x) {l{x) + d^k^'ix)) . (5.79) 

Proof. Let / G Vi^.V) with F — Jdy f{y). Carrying out the functional derivative in 
(|5.78p we conclude 

i{x) = ^"^(^)al^(^) + ^'^^i^(^) (^-^0) 

for some fc^' G I?(M,'P). On the other hand we obtain 
6,F = jdxY. d^(h{x)Q{x))-^(x) 

= Jdxh{x) 9^Qi^)Q^A^)+ Jdxh{x)d^k^{x) (5.81) 

aeNg 

for some other k!^ G P(M,P). Hence, setting fc^ = —k^ + kl^ we obtain the assertion 

^M- □ 

To prove ()5.77|) we use that A^^(e|,) can be written as 

Ai'^(4)= /rf2;/i(x)A«(e|;g(x)) with A^ (e|; Q(a;)) G I?(M, T') , (5.82) 
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due to Lemmata). Hence, (|5.75p can be written in the form SF = Jl + 
(15751) with F = o'-^lieg) and 

(5.83) 

With that Lemma HM yields our assertion (|5.77p . 

We conclude that a solution of (|5.68p can be obtained from a solution of (|5.75p by 

setting 

Dl'l{el®r{y))'^K'^{eg){y), (5.84) 

provided this does not lead to any contradictions with the partial fixing of D in terms 
of D^^l{eg), £'>i(e| ® Q) and I?>i(e| ® £(!)). Due to the causal Wick expansion 

(|3.7p and the Field equation D^^l{e^ (8) d°'ip) = (see Theorem [31 (^izij), this is the 
case whenever the intersection of the subpolynomials of j with the subpolynomials 
of Q, C^^"^ or Cn (Vn £ N) contains only numbers and terms which are linear in the 
field ip itself or partial derivatives thereof^ Note that (|5.84[) satisfies the condition 

Remark: If Q is linear in ip, the maintenance of the Field Equation requires D^^l (e|| (3 
Q) = (Theorem [3]) . With that the right-handed side of (|5.75p vanishes to first order 
in K up to terms of order h''^^. That is the condition (j5.75p can only be satisfied if 
A^'^-'(S'i) — 0{h''^^). Hence, following the proof of Proposition [T3l we first perform a 
finite renormalization which maintains the considered renormalization conditions and 
removes the term - h'' of A^^\Si). This can be done such that A^*'^(e|) = 0{h'') 
is preserved. Namely, since A^-'(S'i) = 0{h'^) the vacuum expectation values on the 
right-hand side of (|5.57p are of order ti^ and, hence, the pertinent renormalization map 
D (j5.59p can be chosen of the form (|5.64p . 



5.4.4 Proof of the Ward identities in the 0{N) scalar field model 

In the case of compact internal symmetry groups, covariance can be obtained by inte- 
gration over the group. To illustrate the developed formalism we proceed alternatively. 

We will prove that an off-shell generalization of the Ward identities expressing 
current conservation in a scalar 0(A^)-model can be fulfilled to all orders of perturba- 
tion theory. Our strategy is based partially on techniques of algebraic renormalization 
described in detail in [10] . 

We consider a multiplet of N scalar fields <Pi{x), i — 1, . . . , N , transforming under 
the defining representation of 0{N) - the group of orthogonal N x N matrices - 1^ 

^, A,ip, , A e O(iV)0 (5.85) 

^"in QED this condition is not satisfied; one has to discuss the individual cases to see that the 
definition l|5.84|l does not lead to contradictions (see e.g. 13 ). 

^^By setting ip = -^{fi + i^2) and Cp = -^(fl — if 2) the 0(2) model can be seen to be equivalent 
to the well known (7(1) model of a complex scalar field ip. 
repeated indices are summed over; 
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Let {X''\a = 1, ^N{N - 1)} be a basis of the Lie algebra o{N) of 0{N), and 
the corresponding structure constants, 

The dynamics of our model is given by the free action 

S'o = ^ Jdx {d^Lpi{x)df,ipi{x) - m'^ifi{x)(p,{x)) (5.87) 

and the localized, 0(A^)-invariant interaction 

S = j dx g{x){ipi{x)ip^{x)f with gcV{M). (5.88) 

Since the free action So is invariant under the transformation (|5.85p . there exist 
^N{N — 1) conserved Noether currents — X°j(pjd^(pi, i.e. the local functionals 
A" = J dx h{x) d^j1^{x) (with arbitrary h G T>{M)) are elements of the ideal J gener- 
ated by the free field equations: 

dx h{x) if J [x) ——- . (5.89) 

0(pi[Xj 

Essential simplifications of this model are the validity of (|5.69p in simplified form and 
additionally that Q ()5.10p is linear in (p. 

The conservation of the interacting currents {j^)s = R{e^,j^) follows from the 
MWI for the given A'^ and interaction 5: 

dxhix)d^Rielj-{x)) ^ R{el,A-) = j dx h{x)R{el X-^,{x))^^^ . (5.90) 

Regarding the question whether (|5.90p can be fulfilled to all orders, we start with an 
i?-product satisfying the renormalization conditions Unitarity, T'j^-Covariance, Field 
Independence, Field Equation and Scaling Degree. Then, the Ward identities ()5.90|) 
may be violated; however. Theorem [7] guarantees the existence of local maps Aa" ■ 
TTJioc J'loc such that 

R{eg,A^ + AA44)) = j dxh{x)R{el,Xf^^,{x))^^. (5.91) 

To find a finite renormalization of the i?-product which removes i?(e||, A^a (e^)) , 
we follow the technique described in the preceding sections: we assume the existence 
of a r^"* such that (|5.90p is fulfilled up to terms of order i.e. 



(e| + A W (eg) + 0(fi^+i) =jdy h{y) Xg- (y) ^s^^l"'^^^ (5-92) 



where A^*'2(e|) = 0{h''). (The Field Equation for F^''^ (Lemma E]) is taken into 
account.) First we perform a finite renormalization which maintains A|^i (eS) — 0{h^) 
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and the mentioned renormalization conditions and which removes the terms ~ h'^ of 
A^i(S'). Due to the requirement Dyl{e^ ® tp) = (Theorem [3l (^inj), the condition 
(|5.75p simphfies to 

^i'Hel) = -SaD'^liel,) + , (5.93) 

where we set Ai'=)(e|) = A(f2(e|)|^^^ and 6a = ^^-(x)^^. To fulfill 

up to terms of order we have to solve (|5.93l) and to extend the definition of this 

Dyl in such a way that condition (|5.68p (for general h) holds true. The latter can be 
done by means of (|5.84|) . because the intersection of the non-trivial subpolynomials of 
with the subpolynomials of Q or {(piipi)'^ is a subset of C(p. 

It remains to show the solvability of (|5.93p . For this purpose we temporarily restrict 
the functionals (|2.ip in (|5.92p to the space P(M) of compactly supported test functions 
on Minkowski space. This permits us to perform the limilo h ^ 1 in (|5.92p . ending 
up with the equation 

SaiSo + 4'='(e|)) = AW(e|) + 0(ft'=+i). (5.94) 
Furthermore, using (|5.86p we obtain the identity 

[6a, 6b] = fabc6c , (5.95) 

which we insert into [6a, 6b\{So + r^''(e^)). This yields the consistency condition 

5,A«(e|) - <5fcAW(e|) = /a^c AW(e|) + 0(r/+i) . (5.96) 

Due to the compact support of 5, and the locality of A'^\ each term in (|5.96p has 
compact support as well. Therefore, this equation holds true on the entire configuration 
space C(M,M), i.e. the restriction of the functionals to I?(M) can be omitted. 

The consistency condition (|5.96p is the cocycle condition in the Lie algebra coho- 
mology corresponding to the Lie algebra generated by the derivations {6a} acting on 
J-ioc- Trivial solutions are the coboundaries, 

Ai^)(e|) = -SaA^'Hel,) + 0{h^+') (5.97) 

for some linear, symmetric and local map A^'^'^ : TT\oc — > J-Xoc- If A.\i\e^) is a 
coboundary, the condition (|5.93p can be solved by setting 

i?W(l)'i^' , d'^^1{S)=0 and d'^-^1{S®') = K'^''\S®') Vj > 2 , (5.98) 

due to A'-aHs) = 0{nf'+^). 

Hence, we only have to show that the present cohomology is trivial. In the litera- 
ture (see e.g. [TO and references therein) it is shown that every Lie algebra cohomology 
corresponding to some semi-simple Lie group and some finite dimensional represen- 
tation is trivial. This result applies to our problem. Namely, 0{N) is semi-simple 
for N > 2 and, since the mass dimension of Ai'^''(e^) is bounded (|5.43p . the anomaly 
terms indeed span a finite dimensional representation of o{N). It does not matter that 
our functionals are local. Note that D^^l (e|,) is not uniquely defined by this procedure. 

■^■^This limit is done as follows: let h € ©(M) such that there is a neighbourhood U of 0(G M) with 
h\u = 1. Then we replace h{x) by h^{x) = h{ex) { e > 0) and perform the limit e — + 0. 
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6 Conclusions and Outlook 



In algebraic renormalization the QAP is used to remove possible anomalies of Ward 
identities by induction on h. We have worked out an analogous procedure for the 
MWI in the different framework of causal perturbation theory. The main difference is 
that we work solely with compactly supported interactions S and localized symmetry 
transformations (5a El Our main result gives a crucial insight into the structure of 
possible anomalies of the MWI, in particular with respect to the deformation parameter 
h, and allows the transfer of techniques from algebraic renormalization into causal 
perturbation theory. 

This yields a general method to fulfill the MWI for a given model. A first non- 
trivial application is worked out (Sect. I5.4.4p . The developed method seems to be 
applicable to many models (as suggested by [2], [H] and [ID]). Together with the 
powerful tool of BRST cohomology it should make possible a proof of that cases of the 
MWI which are needed for the construction of the net of local observables of Yang-Mills 
type QFTs. (This would complete the construction given in [2].) A main advantage 
of this approach to quantum Yang-Mills theories is that there seems to be no serious 
obstacle for the generalization to curved spacetimes where the techniques developed 
for scalar fields in [12J and [32 can be used. For recent and far-reaching progress in 
the construction of renormalized quantum Yang-Mills fields in curved spacetime see 
[33] : this paper uses a generalization of the off-shell Master BRST Identity (i.e. the 
MWI for the symmetry transformation Saq with Aq given by (I5.72|) . see [Il[2] for the 
on-shell version) to models with antifields. 

A Proper vertices for i?-products 
A.l Definition and basic properties 

Before we introduce proper vertices in terms of i?-products, we shortly consider the 
diagrammatics of retarded products R{Ai{xi), An{xn))- 

For the unrenormalized expressions (i.e. for Xi ^ Xj , ^ j) the diagrammatic 
interpretation is unique. One can show that there are two kinds of inner lines which 
symbolize A''''* and if^j, respectively, and are oriented. For tree diagrams only A''''* 
appears and all inner lines are pointing to the distinguished vertex A„(a;„). Solely 
connected diagrams contribute to R; and Rd is precisely the contribution of all tree 
diagrams. Both statements follow from the inductive construction of the (i?n,i)nGN 
[16] . The decisive step is the GLZ Relation: {Fg,Hg} = ... . In the quantum case 
there is at least one contraction between Fg and Hg, and in classical FT there is 
precisely one contraction in {Fg, Hg}cI- 

For the renormalized retarded product we use these results as definition of the 
connected and tree part: R'^ = R and i?trcc = ^ci- 

Algebraic renormalization applies to global and local symmetries; examples for local symmetries 
which have been dealt are current algebras of cr-models and current algebras of gauge theories in 
which one keeps external fields (e.g. antifields). 
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Analogously to (|4.12p - (l4.14p the property i?(ci)(l,-F) = F implies the following 
conclusions 



i?, 



OO 



n=a ^ 71=0 ^ 

A LJoiFn) ^ MGn) "^n =^ Fn^Gn Vn, (A.2) 



which hold for the i?-products of classical FT (i?ci) and of QFT (R). In classical FT 
the statement (jA.l|) can be proved also non-perturbatively: = i?ci(e^^'^\ G(A)) = 
G(A) o r5Q+j^(A),So implies G(A) = G(A) o r5Q+j^(A)^So ° ^So,So+f(a) = 0. 

The concept of proper vertices has a clear physical interpretation when applied 
to i?-products, since -Rtrco = Rci- As explained in Sect. 2 the entries of Rd may 
be non-local. We want to rewrite an interacting QFT- field R{e^,F) as a classical 

field i?ci(e^"'''^®'', ri.ot(e|, F) ) where the 'proper interaction' rfl,(e|) and the 'proper 



retarded field' rrot(e|, F) are non-local and agree to lowest order in h with the original 
local functionals S and F respectively. This is indeed possible: 

Proposition 15. (a) There exist 

— a totally symmetric and linear map 

Tr : T^ioc T (A.3) 

— and a linear map 

r,et : TJ^ioc Tioc J" (A.4) 

which is totally symmetric in the former entries (i.e. T^ot{'Sij'=iFT^j,F) — 

rret(®7=iF,,F);, 

which are uniquely determined by the conditions 

i?(e|,F) = i?ci(e^"<^«\r,et(e|,F)) , (A.5) 

r„t(e|, ^(/^)) - ip{h) , h e V{M) , (A.6) 

Tr{1) - , M^Riei)) = . (A.7) 



(b ) V R and Fict are related by 



^r«(4).r„fe|,J?,), (A, 



5lp{x) \ 6ip{x 

that is, with ?) ), Tr is uniquely determined by T^- 
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Compared with the defining condition (|4.19p for Ft, there is more flexibihty in 
(jA.5[) since it contains two kinds of 'vertex fmictions', Tj^ and Fret- To define the latter 
uniquely, we additionally require (|A.6p and (|A.7p . 

Proof, (b) First we show that the defining conditions for Tj^ , F^et given in part (a) 
imply the statement in part (b). The off-shell field equation 

/ 5 SSo \ SSq / g SS \ 

holds for R (QFT) and i?ci (classical FT), in the latter case even for non-local entries. 
With that and using the conditions (jA.Sp and (jA.6p and finally (lA.ip we obtain the 
assertion (jA.Sp . 

(a) By expanding (jA.Sp in powers of S and using (jA.Sp and (IA.7P we find an 
inductive construction of F^ and Fjct in terms of R and R^y. 

r,,t{l, F) ^ RiF) = F , (A.lOa) 

F,et(5, F) = R{S, F) - i?ei(5, F) (A. 10c) 

= 2r,.. (S. ^] ^ 2« (S. ^) - 2«., (S. ^] . (A.10d) 



(5iy9(a;) \ ^ Sip{x) J \ ' 6(p{x) J \ ^ 5ip{x) ^ 

V,,t{S'^\F) = R{S^\F) - R,i{S®\F) - R,,{Tr{S®^), F) - 2R,,{S, F,et(5, F)) . 

(A.lOe) 

We explicitly see that Fict is not totally symmetric, it is retarded with respect to the 
last entry. 

Now let Fi^(e|,) and Fi-ot(e|,, F) be constructed up to order n and (n—l) respectively 
in S. Then, the condition (jA.SP determines Fi-ct(>S'®" , F) uniquely: 

F,et(5^",F) = i?(5«",F) - J2 (t)^^' ^^^e;"'^"^F,et(5^"-^F) 



k k 



= i?(5«",F)-5]QX^ J2 -||^y^i^cl((g)^«(5«''),Fret(5®"-^F)j. 

\-lj=k 

(A.ll) 

iFrom that and with ((XS)) and (fO)) we uniquely get Fi?(5'®"+^). □ 

Remark: The roles of the conditions (jA.6|l and (jA.SP can be exchanged. In the list 
(|A.5| - (|A.7P of defining conditions, (|A.6P can be replaced by (jA.Sp . Then, (jA.6P can 
be derived from (|A.5p . (|A.7p and (jA.Sp analogously to ((i?^ and ((OT|l : proceeding 
inductively we use (jA.lip . the integrated field equation for R and i?ci and (jA.Sp . 

Following the construction (|A.10p - (|A.lip we inductively prove the following prop- 
erties of Tr , Fret: 
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• ft-dependence: 

rret(e|,F) = F + 0(;i) 1 if FS'^fiO rA 191 

• "Pj^-Covariance, Unitarity (r/j(e|,)* = rj^{e^ ) and similarly for Fiot), 
Field Independence, Smoothness in m > 0, /i-Covariance and Almost 
homogeneous Scaling of Tji = r^" '^' and Fret = ^^ct'^^ i'^^i alternatively, 
Scaling Degree). 

In the proof of (|A.12[) we use R = Rc\ + 0{h) , i?ci ^ The other properties rely on 
the validity of the corresponding axioms for R and Rd, analogously to Lemma [6l 

We point out that Tfi{e^ differs in general from f{h), in contrast to the 

Field equation for Ft and (|A.6p . Namely, inserting (jA.5p - (|A.6p into the GLZ-relation 

for [R{el,tp{h)),R{eg,tp{g))] we obtain 



^ci(e^"''«^0Ffl(e|®^(.g)),VP(M) -i?ci(e^"^'«^®rH(e|®^(/i)),H9)) • (A.13) 
Due to the GLZ Relation for Rc\, the left-hand side is equal to 



R, 



,(el''^''^\m) , i?ci(e;"^'«\^(.9))]^^^^^ , (A.14) 



where jr[-, ■]^(>2-| = — {•, - jci . The assertion follows from the non-vanishing of 

the [■, ■]^(>2-)-term. 

Finally we study a finite renormalization R —^ R. To express the corresponding 
renormalizations of Tn and Fret in terms of the corresponding map D of the Main 
Theorem we insert the defining relation (jA.5|) into both sides of (|3.23p . In the resulting 
equation 



i?H(e;"''^^\ f„t(e|,f^)) =i?ci(e«"('^ ^ , F^et (e^*'«\ i?(e| ® F)) ) (A.15) 



we choose F = With that we may replace f i.ot(e^, F) by ^^l''^'^'^ and 
Frct(e^^'®\ L'(e| ® F)) by ^^'"'^^'^^ \ By means of (jXl]) we conclude 

f«(e|)=F«(eJ^^«)) . (A.16) 
We insert this into (jA.lSp and apply (|A.ip . This yields 

fret(e|,F)-F,etfe^*'^«\i?(e^®F)) . (A.17) 



46 



A. 2 Comparison of the vertex functions in terms of T- and 
i?-products 

The vertex functions Tt and Tn defined in terms of T- and i?-products, respectively, 
are both totally symmetric, nevertheless they do not agree. This follows from the 
different forms of the unitarity property or, alternatively, from the non-validity of 
rT(e|, ® fih)) — ip{h) for Tr. We are going to compare Tt with Tr to lowest orders 
in S. 

By using the definitions of Vr, T^^t (|A.5P and Vt (|47T9)) . as weU as (|4?T5)) - (|4J6)) we 
obtain 

^^ci^e^"'' ®'',rrot(e|,F)^ = 
f:(l-r,ee(e:^^^^«^/''))*%T,..(e|^^(^^)/''«r.(e|«F)). (A.18) 

n=0 

If we interpret ri^jFi-ot and Tt as one vertex, then the l.h.s. contains solely tree 
diagrams, but on the r.h.s. there appear also loop diagrams! This indicates that the 
relation of Tr to Tt is rather involved. To zeroth and first order in S we obtain 

T,,t{l,F)^TT{l®F)^F , (A.19) 
r„t(5, F) + i?ei(5, F) = i/h Tt,US <E)F) + TT{S(E>F)-t/h S^F (A.20) 

The terms ~ and ^ h° of (|4.15|) read 

R^^{S, F)^i/n Tt,oc{S ®F)~i/hS F , (A.21) 

where 



S = X! ^ dxi... dxndyi ...dyr, 



5ip{xi) ■ --dipixn) 



^ S^^ F 
■Y\ H^i^ix^ - y.i)-—- ■ (A-22) 



i=l 



In the same way we define S p g^p ^ g ^(<i) p ^ g ^(>2) p^ ^^^^ ^ 
S p. With that (1X20)1 reads 

FtC^ ®F) = T,,tiS, F) + i/h S ★(^'^ F 

Using additionally the Field Independence of Tt and (jA.lOdp we find 

^{^T{S®F)-TR{S®F)) = '-{s^^^^'>^-^+Fi.'^^^)^-^) . (A.24) 
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Selecting the terms of second order in S from (jA.18|) we find 

1/2 ^,et(5«^ F) + r,et(5, F)) + 1/2 i?el(5®', F) + 1/2 i?,i(rfl (S^^ ) ^ ^) ^ 

i/2rT(5®' ® F) + i/fi Ttroc(5 ® rT(5 ® F)) + i/2h Ttrcc(rT(^®') ® f) 

-l/2ft2rtrcc(S'^^ (E)F)~i/h S*Tt{S ® F) + l/ft2 5'*Ttrcc(5' F) 
-V2ftrT(S"^^)*F+ l/2fi2 Tt,.oc(S'^^)*F- l/;i2 s-^^^i^ . (A.25) 

To simplify this formula and to eliminate all vertex functions Fiot , Tfl , Tt with two 
arguments, we use (|A.23p . (|A.10dp . the Field Independence, as well as 

i^.(G,i^) = /^.rf.^A-(.-,)^ (A.26) 

and the corresponding expression for T^^.^^{G,H), in addition (|A.2ip and the corre- 
sponding identity 

1/2 i?ci(5®',F) = 1 (-l/2Ttrcc(5®2®F) 

+ {Si. TiS ® F))t,ec + 1/2 (T(5®2) ^ ^^^^^^ + (5*5* F)trce) , (A.27) 

and also 

TtreciS (g>F)^ ihTriS (g>F) = T{S ® F) (A.28) 
(which follows from Corollary [S] and (14.11^ 1. It results 



1/2 (r„t(5®', F) - rT(5«2 ® F)) = 

<5F . ..„, , , / (JS* 



-■^ II (5*(^'^'5*(^'')F)= + ^((5*(^2) j.(5^^))c_(^^(2) (5.^^)^^ 
a+b=3 

+ 2^ ((^('^^') - ((-^ • ^)t-) . (A.29) 

In comparison with (jA.25p a main simplification is that on the right-hand side solely 
connected diagrams contribute and the cancellation of all tree diagrams is obvious 
(i.e. the right-hand side is manifestly of order h). 

We have not succeeded to generalize the results (jA.23[) . (jA.24[) and (jA.29p to a 
general formula relating Ft to Fret or F^,. 
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